
Real Analysis Qualifying Exam

January, 2024

State clearly which theorem you are using. You may also quote the conclusions of one

problem in this exam for another even if you do not prove the quoted ones.

Notation: m is the Lebesgue measure on the set R of reals, and so is dx.

1. Show that the function

f(x) =
1X

n=0

1

nx
, x > 1

has a continuous derivative f 0
(x) given by

f 0
(x) =

1X

n=0

� lnn

nx
, x > 1

2. Let f : [1,1) ! R be continuous, bounded function. Prove that

lim
n!1

Z 1

1

f(t)nt�n�1 dt = f(1).

[Hint: Use the special case when f(x) = 1.]

3. Let � be a continuously di↵erentiable function on R such that �(x) > 0 if |x| < 1

and �(x) = 0 if |x| � 1, and
R
R �(x)dx = 1. Put Kn(x) := n�(nx). Then (no proof

required)
R
R Kn(y)dy = 1 and Kn(x) = 0 if |x| � 1

n . Recall that

f ⇤Kn(x) = Kn ⇤ f(x) =
Z

R
Kn(x� y)f(y)dy.

Prove the following:

(i) If f 2 L1
(R), then f ⇤Kn 2 L1

(R) and has a continuous derivative for each n.

(ii) If f 2 L1
(R), f ⇤Kn converges to f in L1

as n ! 1.

4. Let f 2 L1
(R). Define a linear transform Tf on L1

(R) by Tf (g) = f ⇤ g, g 2 L1
(R).

Show that (i) sup

kgk11
kTf (g)k1 = kfk1, and (ii) Tf = 0 if and only if f = 0 in L1

(R).

5. Let f be a continuous complex valued function on [0, 1]. Show that

f([0, 1]) = {� 2 C : m(f�1
(B(�, "))) > 0 if " > 0},

where B(�, ") ⇢ C is the open disc of radius " centered at �.

6. (1) Prove the following Riemann-Lebesgue identities for any f 2 L1
([�⇡, ⇡]):

lim
n!1

Z ⇡

�⇡

f(t) cosnt dt = 0, lim
n!1

Z ⇡

�⇡

f(t) sinnt dt = 0.



(2) Deduce the following: for any measurable set E ⇢ [�⇡, ⇡] and any sequence sn of

real numbers,

lim
n!1

Z

E

cos
2
(nt+ sn) dt = m(E)/2


