THUE’S LEMMA AND BINARY FORMS

PETE L. CLARK

INTRODUCTION

Recently I learned (from Mariah Hamel) about Thue’s Lemma, an elementary
result about congruences modulo p due to the Norwegian mathematician Axel Thue
(1863-1922). T was able to track the result down in several texts — [3, Thm. 11-7],
[1, Prop., Ch. 4], [4, Thm. 2.33] — but I believe it is not “well-known”. These
texts use Thue’s Lemma (only) to prove Fermat’s Two Squares Theorem, or more
precisely to deduce it from the fact that if p = 1 (mod 4), then —1 is a square
mod p (“Fermat’s Lemma”). But there are, of course, many other nice proofs of
Fermat’s Two Squares Theorem, so if this were the only use of Thue’s Lemma then
perhaps its relative obscurity would be well-deserved.

The purpose of this note is to show that in fact Thue’s Lemma can be used to
prove many other results. Here we concentrate on primes of the form z2 + Dy? for
a fixed positive integer D, although there are several variants the reader may like
to pursue (e.g. D < 0 and/or composite values). All of the results we discuss here
are classical in a very strong sense: they were first established by Fermat, Fuler
and/or Lagrange. However, the more traditional proofs require some rudiments of
the theory of binary quadratic forms or the arithmetic of quadratic rings, including
some technicalities when Z[v/—D] is not the full ring of integers of Q(v/—D). The
proofs that I present here use only quadratic reciprocity, and seem distinctly more
graceful than the traditional ones. Thus I submit to you that Thue’s Lemma should
appear more prominently in elementary texts and courses.

1. THUE’S LEMMA

Theorem 1. (Thue’s Lemma) Let n > 1 be an integer, and let a be an integer
which is relatively prime to n. Then there exist integers x and y such that

(i) 0 <lz[, ]yl < vn and
(i) = ay (mod n).

Proof. Consider the set {au —v | u,v € Z, 0 < u,v < [/n]}. Since there are
([v/n] +1)% > n pairs (u,v), there exists (u1,v1) # (u2,v2) such that
au; — v = aug —ve  (mod n).

Put = v1 — v2 and y = u3 — ug; then (ii) holds. Moreover, 0 < |z|, |y| < v/n < n,
so z (resp. y) is 0 iff it is zero modulo n. By construction x and y are not both 0,
and by (ii) if one is zero modulo n so is the other. So both x any y are nonzero. O

Remark 1: If n is not a perfect square, then of course the inequalities in (i) can be
taken to be strict, i.e., |z|, |y| < v/n.
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2. SOME PRELIMINARIES

2.1. Quadratic reciprocity law.

Recall that for an integer n and an odd prime p, the Legendre symbol (%) is
defined to be 0 if p | n, 1 if ged(p,n) = 1 and n is a square modulo p and —1 if n
is not a square modulo p.

Theorem 2. (Quadratic Reciprocity) Let ¢ and p be distinct odd primes. Put
= (—1)%£. Then:

=1 < p=+1 (mod 8).

2.2. Representations by x2 + Dy?.

Fix D,n € Z*. We say that n is of the form z? + Dy? or is represented
by the form 2 4 Dy? if there exist integers x,y such that z2 4+ Dy? = n. If there
exist integers (z,y) with ged(z,y) = 1 such that 22 + Dy? = n, then we say n is
primitively represented by =2 + Dy?2.

Proposition 3. Let D,n € Z™.

a) If n is squarefree, then all representations of n by the form x2+Dy? are primitive.
b) If ged(D,n) = 1 and n is primitively represented by x> + Dy?, then —D is a
square modulo n.

Proof. a) Suppose n = 2% + Dy? and e = ged(z, y). Then €2 | n.
b) Suppose n = 2% + Dy?, and reduce modulo n: x?> = —Dy? (mod n). If y is

relatively prime to n, it has an inverse mod n and thus 5—3 = (%)2 = —D (mod n).
Otherwise, there exists some prime p dividing both y and n, and then 22 = —Dy?
(mod n) gives p | x, so the representation is not primitive. O

For nonsquarefree values of n, we must continue to make a distinction between rep-
resentations by 22 4+ Dy? and primitive representations by x2 4 Dy?. The following
simple result, known already to Euler, is helpful in this regard.

Proposition 4. Let D, x1,x2,y1,y2 be positive integers. Then:
a) (z122 — Dy1y2)? + D(21y2 + 2291)* = (27 + Dyi) (23 + Dy3).
b) If ged(D, (27 + Dyi) (23 + Dy3)) = ged(z1,y1) = ged(za, y2) = 1, then

ng(xle — Dy1y2, x1y2 + xgyl) =1.
Proof. Direct calculation verifies part a). For part b) ...... O

Proposition 5. Let D € Z* and let p be a prime such that —D is not a square
modulo p. Suppose x,y € Z are such that p | x®> + Dy?. Thenp | = and p | y.

Proof. Let R = Z[/—D] be the integral domain Z[t]/(t*> + D). Any element of R
may be expressed as x + yv/—D for unique x,y € Z.

Step 1: We claim that for a prime p such that —D is not a square modulo p, the ideal
(p) = pR is a prime ideal of R. Equivalently, the quotient ring R/pR is an integral
domain. Now R/pR = Z[t]/(t* + D,p) = Z/pZ[t]/(t> + D), and that —D is not a
square modulo p means precisely that the polynomial (£ + D) over the finite field
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7./pZ is irreducible. Hence (t2+ D) is a prime ideal of Z/pZ]t], so R/pR is a domain.

Step 2: In the ring R we have the factorization

2? + Dy* = (z + V=Dy)(z — V=Dy).

Then p | 22 + Dy?, meaning (z++/—Dy)(z —v/—Dy) € pR. Since pR is prime, one
of  + =Dy lies in pR. That is, J & \/fD(%) €ZV-D],sop|xandp |y O

3. THE MAIN THEOREM AND ITS CONSEQUENCES

Theorem 6. Let n be a positive integer which is not a perfect square, and let D
be a positive integer. Suppose that ged(D,n) = 1 and that —D is a square modulo
n. Then there exist k,x,y € Z with 0 < k < D, 0 < |z|, |y| < v/n, such that

z? + Dy? = kn.

Proof. Let a € Z be such that a> = —D (mod n). Let x,y be integers satisfying
the conclusion of Thue’s Lemma applied to n and a. By Remark X.X we have
|z], |ly| < v/n. Then on the one hand

0 < 2?+ Dy* < (1+ D)n,
while on the other hand
22+ Dy* = (a®> + D)y* =0 (mod n).

Applying Theorem 6 with D = 1, we get:

Theorem 7. Let n be a positive integer such that —1 is a square modulo n. Then
there exist integers x and y such that n = z2 + 2.

Corollary 8. A positive integer n is of the form x% + y? iff for every prime p = 3
(mod 4), ord,(n) is even.

Proof. Certainly 2 = 12 + 12 and for any n, n? = n? + 0%. Also, if p =1 (mod 4),
then —1 is a square modulo p, so by Theorem 7 p is of the form z2 + 2. Applying
Proposition 4a), it follows that if

(1)
no=2p o plrgi 2, pr,..pp =1 (mod4), qi,...,qs =3 (mod 4),

then n is of the form 22 4+ y2. Conversely, suppose n = 2 +y?, and let p be a prime
divisor of n with p = 3 (mod 4). Then by Proposition 5 we have p | z, p | y, so
that p? | n and J5 = (£)? + (%)?. Continuing in this way, we arrive at a positive
integer k such that p?*||n and o 1s still of the form z? 4+ y%. Doing the same for

every p = 3 (mod 4) which divides n, we see that n is of the form (1). O

Theorem 9. Let n be an odd positive integer such that —2 is a square modulo n.
Then there exist integers x© and y such that n = x2 + 2y2.

Proof. We apply Theorem 6 with N = 2, getting that there exist integers =,y € Z
such that either 22 4+ 2y? = n or 22 4 2y?> = 2n. In the former case we are done,
so assume that x? + 2y? = 2n. Then 2 | z, so we may write x = 2X and obtain
2n = 2% + 2y? = 4X2% + 2%, son = y* + 2X2 O
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Corollary 10. A positive integer n is of the form z? + 2y? iff for every prime
p=5,7 (mod 8), ord,(n) is even.

The proof of this result — and also the subsequent Corollaries 12, 14 and 16 — is
similar to that of Corollary 8. Details are left to the reader.

Theorem 11. Let n be a positive integer such that gecd(12,n) = 1 and —3 is a
square modulo n. Then there exist integers x and y such that n = x? + 3y2.

Proof. Applying Theorem 6, there exist integers =,y € Z such that z2 4+ 3y? = kn
for some k, 1 < k < 3. In the first case we are done. In the last case we observe
that 3 | z and proceed as above. It remains to consider the case 22 + 3y? = 2n.
Reducing modulo 3 we get 22> = 2n (mod 3). Let p be any (odd, by hypothesis)
prime divisor of n. Then, since —3 is a square mod n, a fortiori we have (_73) =1.
By quadratic reciprocity, this implies p = 1 (mod 3). That is, to say, n divisible
only by primes of the form 1 (mod 3), from which it follows that n = 1 (mod 3),
and thus 2n =2 (mod 3). But then 22 =2 (mod 3), a contradiction. O

Corollary 12. An odd positive integer n is of the form x® + 3y? iff orda(n) # 1
and for every prime p = —1 (mod 3), ord,(n) is even.

Theorem 13. Let n be an odd positive integer such that —4 s a square modulo n.
Then there exist integers © and y such that n = x2 + 432.

Proof. Taking 22 + 4y? as 2% + (2y)?, we see the result is equivalent to the claim
that in the conclusion of Theorem 7, we can take one of x or y to be even. This is
certainly true, because if they were both odd, then 22 4+ 42 = n would be even. [

Corollary 14. A positive integer n is of the form x% + 4y? iff orda(n) # 1 and for
every prime p = —1 (mod 4), ord,(n) is even.

Theorem 15. Let n be a positive integer such that ged(14,n) = 1 and —7 is a
square modulo n. Then there exist integers x and y such that n = x2 + Ty>.

Proof. Applying Theorem 6, there exist integers =,y € Z such that z2 4+ 7y? = kn
for some k, 1 < k < 7. In case k = 1 we are done, and k = 7 is handled as usual by
observing that 7 | z. So we may assume 1 < k < 7.

Step 1: Reducing modulo 7, we get 2 = kn (mod 7), i.e., kn is a nonzero square
modulo 7. Let p be any (odd, by hypothesis) prime divisor of n. Then our hypoth-
esis implies (*77) = 1, so by quadratic reciprocity p is a square modulo 7. Therefore
n is a product of nonzero squares modulo 7 so it itself a nonzero square modulo
7. Therefore k, being the quotient of nonzero squares modulo 7, is itself a nonzero
square modulo 7: ie., k=1,2,4.

Step 2: Suppose 22 + 7y? = 2n. The possible values of the left hand side modulo 8
are 0,1,3,4,5,7. The possible values of the right hand side are 2,6: contradiction.
Step 3: Suppose 224 7y% = 4n. Since the right hand side is even, = and y must have
the same parity. If they are both odd, 2 + 7y* = 0 (mod 8), contradiction. So
and y are both even: x = 2X,y =2Y,4X? +4-7Y% =4p, and X2 4+7Y2 =p. O

Corollary 16. A positive integer is of the form x? + Ty? iff orda(n) # 1 and for
every prime p = 3,5,6 (mod 7), ord,(n) is even.

Why did we skip D = 5 and D = 67 Because for these values the converse of
Proposition 3 is false!
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Example 1: Take D = 5 and p = 3. Then (32) = (3) = 1, but the Diophan-
tine equation 3 = x? + 5y? has no solutions. More generally, reducing mod 20

shows:

Proposition 17. Let p be a prime such that ged(20,p) = 1. If there exist x,y € Z
such that x® + 5y* = p, then p=1,9 (mod 2)0.

Example 2: Take D = 6 and p = 5. Then (3%) = (3) = 1, but the Diophantine

equation 5 = x2 + 6y has no solutions. More generally, reducing mod 24 shows:

Proposition 18. Let p be a prime such that ged(10,p) = 1. If there exist x,y € Z
such that x® + 5y* = p, then p=1,7 (mod 24).

Remarkably, simply by taking these auxiliary congruence conditions into account,
the above methods can be extended to derive results for these values of D.

Theorem 19. Let n be a positive integer with ged(10,n) = 1. Suppose that —1 and
—5 are both squares modulo n. Then there exist z,y € Z such that n = 2 + 5y°.

Proof. Applying Theorem 6, there exist integers x,y € Z such that z2 + 5y? = kn
for some k, 1 < k < 5. As above, the case k = 5 reduces to k = 1.

Step 1: Reducing modulo 5, we get 22 = kn (mod 5), i.e., kn is a nonzero square
modulo 5. Let p be any (odd, by hypothesis) prime divisor of n. Then our hypoth-
esis implies (%5) = 1, so by quadratic reciprocity p is a square modulo 5. Therefore
n is a product of nonzero squares modulo 5 so it itself a nonzero square modulo
5. Therefore k, being the quotient of nonzero squares modulo 5, is itself a nonzero
square modulo 5: i.e., k =1,4.

Step 2: Suppose that 22 + 5y? = 4n. We claim that = and y are both even, hence
substituting z = 2X, y = 2Y gives X2 + 5Y2 = n. Indeed, this follows simply by
considering 22 + 5y? modulo 4. (]

Very similar arguments can be used to show the following “complement”:

Theorem 20. Let n be a positive integer with ged(10,n) = 1. Suppose that for
every prime p dividing n, p = 3,7 (mod 20). Then there exist x,y € Z such that
2n = 22 + 5y2.

Theorem 21. Let n be a positive integer with ged(6,n) = 1. Suppose that every
prime divisor of n is congruent to 1 or 7 modulo 24. Then there exist integers x
and y such that n = 2% + 6y°.

Proof. Applying Theorem 6, there exist integers x,y € Z such that 22 4+ 6y? = kn
for some k, 1 < k < 6. As above, the case k = 5 reduces to k = 1.

Step 1: Reducing modulo 3, we get 22 = kn (mod 3), so that kn = 0,1 (mod 3).
Our hypothesis implies (_73) = 1 for all prime divisors of n, so by quadratic reci-
procity p =1 (mod 3). Thus n =1 (mod 3). It follows that k = 1,3, 4.

Step 2: Since —1 is a square modulo 4, quadratic reciprocity implies n =1 (mod 4).
Soif k =3, 3k = 3,5 (mod 8), which are not values of 22 + 6y? (mod 8).

Step 3: If k = 4, then 4 | 22 + 6y?. From this we deduce 2 | z, 4 | 2% and 2 | y, so
we may put z = 2X, y = 2Y and then we get X2 4 6Y?2 = p. O
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