arXiv:imath.NT/0407264 v2 18 Jul 2004

BOUNDS FOR TORSION ON ABELIAN VARIETIES WITH
INTEGRAL MODULI

PETE L. CLARK

Abstract. We give a function F(d;n;p) such that if K=Qp is a degree n
eld extension and A=K is a d-dimensional abelian variety with potentially
good reduction, then # A(K)[tors] F (d;n;p). Separate attention is given
to the prime-to- p torsion and to the case of purely additive reduction. These
latter bounds are applied to classify rational torsion on CM elliptic curves
over number elds of degree at most 3, on elliptic curves over Q with integral
j (recovering a theorem of Frey), and on abelian surfaces over Q with integral
moduli. In the last case, our eorts leave us with 11 numbers w hich may,
or may not, arise as the order of the full torsion subgroup. Th e largest such
number is 72.

1. Introduction

Let K be a eld. We say that torsion is strongly boundedfor abelian varieties of di-
mensiond over K if for all nite eld extensions L=K and all d-dimensional abelian
varieties A=L, there exists anN = N(d;[L : K]) such that # A(L)[tors] N. (If

we left out the \strong," it would mean that N is allowed to depend onL and not
just its degree overK .) Note that it is equivalent to require the order of any torsi on
point on A(L) to be bounded dependent only ond and [L : K]. Also, if K=K is a
nite eld extension, then if torsion is strongly bounded ov er K, it is automatically

strongly bounded overK °

Example 1: Torsion is strongly bounded in every dimensiond for abelian vari-
eties overK = Fp, since the Weil bounds imply that for any d-dimensional abelian
variety A=Fpn we have (as we shall recall in Section 2)

(1) #AFp) (L4 P

\Example" 2: A celebrated theorem of Merel [Merl] asserts tha torsion is strongly
bounded whend =1 and K = Q. It has been conjectured by many that torsion
is strongly bounded for abelian varietiesA=Q in every dimensiond, but this seems
much beyond present reach.

It follows from Examples 1 and 2 that torsion is strongly bounded for elliptic curves
over any nitely generated eld K. However, the uniform boundedness of torsion
among all elliptic curves fails over most other elds of arithmetic interest. For in-
stance:

Example 3: Torsion is not bounded for elliptic curves overQp: on the Tate curve
Epr = Gm=hp"i, the point p has exact ordern.
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Note that Tate curves are characterized by having split multiplicative reduction.
On the other hand, it follows easily from Example 1 that at least the prime-to-p
torsion is strongly bounded among all abelian varietiesA=Q, with good reduction.
The main result of the present paper is that strong boundednss holds for a some-
what wider class of abelian varieties over local elds.

First some terminology and notation: In this paper, a complete eld means a eld
K complete with respect to a discrete valuationv, and alocal eld is a complete
eld with nite residue eld, whose characteristic we denot e by p. The absolute
rami cation index of a local eldis e= v(p) 1 . If A=K is an abelian variety
over a local eld, then A(K)[p! ] denotes the subgroup ofp-primary torsion and
A(K)[tors]® denotes the subgroup of torsion of order prime top.

Recall that an abelian variety over a complete eld K is said to have potentially
good reductionif there exists a nite eld extension L=K such that the base change
of A to L is the generic bre of an abelian scheme over the valuation nig of L. If R
is an (arbitrary) Dedekind domain with quotient eld K, we will say that an abelian
variety A=K has integral moduli if for every prime ideal v of R, the base change
of A to the completion of K at v has potentially good reduction! Sometimes for
brevity we shall speak of an \IM abelian variety," which means an abelian variety
de ned over a number eld and having integral moduli.

For p a prime number and D a positive integer, de ne

my(D) = . Smgn:p):l ordy(# GLp (Z=N2));

It is well-known (e.g. [ST]) that if p> 2d+ 1, mp(2d) = 0.

For a positive real number x, let [X] be the greatest integer which is at mostx
and [x], be the largest power ofp which is at most x.

Main Theorem. Let K be alocal eld with residue cardinality g = p’ and absolute
rami cation index e. Let A=K be ad-dimensional abelian variety with potentially
good reduction.
a) # A(K)[tors]®  [(1+ P g2,
b) Suppose thatK is a p-adic eld (i.e., e< 1 ). Then

#AGOors]  [(1+ P+ P @ pp s ame .
¢) SupposeK is p-adic and A=K has purely additive reduction. Then the only
primes = 6 p dividing # A(K)[tors] are those for which® 2d+ 1. Moreover, there
exists a function Z(d;e) { i.e., independent of the residue characteristic and the
inertial degree { such that A(K)[tors] Z(d;e€).

In particular, torsion is strongly bounded among d-dimensional abelian varieties
over Q, with potentially good reduction.

Remark: Notice that if p > maxfe+ 1;2d + 19, the exponent of the power of

1The \moduli" are the coordinates of the point induced by A (together with some choice of
polarization) on a suitable Siegel moduli scheme. However, in the sequel we will only need to
know that an elliptic curve has integral moduli i its j-invariant lies in R.
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p in part b) is zero.

Remark: Essentially the same result has also been proved { dependently, but
with almost identical methods { by Xavier Xarles. The only notable di erence is

that we give a direct proof of part a) and use this to take care & the prime-to-p
torsion in the general case, whereas Xarles' argument usegsults of Lorenzini to
give bounds on the prime-top part of the component group in terms of the addi-
tive rank. However, in our applications we will either have to assume the reduction
could be good (the worst-case scenario!) and use the bound pért a), or we will

be able to argue for a \not especially nasty" place of purely aditive reduction and

use the stronger bound of part c). It is worth mentioning that we never apply the
bound of part b) directly.

We will give the proof of the Main Theorem in Section 2, beginnng in Section

2.1 with the proof of part a). Section 2.2 gives a discussionfacertain basic results
about Neron models, formal groups, and component groups, \Wwich are then used to
prove the rest of the theorem in Section 2.3. In Section 2.4 weliscuss open prob-
lems, comparisons with the elliptic curve case, and mentiora considerably more
general boundedness theorem due to Xarles which was conjeced (or rather, \sug-

gested") in an earlier draft.

One consequence of the Main Theorem is that totally inde nite quaternionic Shimura
varieties with 1 (N )-level structure will, for su ciently large N, fail to have points
rational over any given p-adic eld. Because it is somewhat technical to make
precise the moduli problem corresponding to a (N )-level structure in the higher-
dimensional case, we will content ourselves here with the @presentative) case of
Shimura curves overQ, in which case a careful description of the moduli problem
may be found in [BuZ].

Theorem 1. Let B=Q be a nonsplit, inde nite rational quaternion algebra with
discriminant D, let N be a positive integer prime toD, and let X ? (N)=Q be the
Shimura curve with (N )-level structure. Let K be ap-adic eld with residue eld

Fq, and consider the curveX P (N)=K. Then there existsNg = No([K : Qp]) (but
independent ofD) such that for all N Ng, XP(N)(K)=;.

Proof: For N 4 and F=Q any eld of characteristic zero, to a point P 2
XP(N)(F) we can associateA=F an abelian surface, : B ! Ends(A) Q a
guaternionic multiplication (QM) structure, and p 2 A(F) a point of exact order
N. Now supposeK is a local eld and P = (A; ;p) 2 X2 (N)(K). A QM surface
necessarily has potentially good reduction.

Indeed, any d-dimensional abelian variety admitting as a subring of endanor-
phisms an orderO in a 2d-dimensional division algebra has potentially good reduc-
tion (note that this includes also the CM case). We sketch theproof: by a theorem
of Grothendieck, after a nite base change there is no additve part; moreover, the
character group, if nontrivial, would be the underyling Z-module of a (necessarily
faithful) representation of O, but its dimension is at most d, whereas any nontrivial
representation of O has dimension at least 2.

Thus the result follows immediately from the Main Theorem.
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Evidently the Main Theorem can also abe applied to bound the brsion subgroup
of an abelian variety over a number eld with integral moduli . Indeed:

Corollary 2. Let A=K be ad-dimensional abelian variety over a degre& number
eld K=Q.

a) Assume that A has potentially good reduction at places-,vs of K over 2 and 3.
Then # A(K)[tors]  [(1 +2"2)2d][(1 + 3"=2)29]:

b) Assume thatA has potentially good reduction at a places, of K over 2.

Then the maximum prime order of a torsion point is [(1 + 2"=2)]%9].

Proof: For part a), let , : A(K)[tors] ! A(K,,)[tors]° be the composite of the
natural embedding of the global torsion points into the locd torsion points with
projection onto the prime-to-2-torsion, and de ne 3 : A(K)[tors] ! A(K,)[tors]®
similarly. Then the product map

2 3:A(K)tors] I A(K,,)[tors]®  A(K\,)[tors]®

is evidently an injection, so the result follows from Theoran 1a). Injecting the odd
order torsion into A(K,)[tors]° gives part b).

Remark: The existence of a strong bound on torsion for IM vargties is due to
Alice Silverberg [Sg92],[]Sg01]. She gives the bound:

(2) # A(K )[tOfS] [(1 + 2# GL Zd(ZZSZ)nZZ)(l +3 # GL 2d(Z=4Z)n=2)]2d:

As an example of the improvement that the present results preide, in the case of
abelian surfaces oveR, Corollary 2 gives #A(Q) 1815, while Silverberg's bound
is approximately 4:0262 101275357349

But the bound of Corollary 2a) is still visibly far from the tr uth: because we are
double counting the prime-to-6 torsion, we will in practice get much better bounds
by applying part a) of the Main Theorem prime by prime and collating the results.

The point that we want to emphasize is that, at least when the rumber eld degree

is small, this collation process leads tashort lists? of possible orders for the torsion
subgroup { i.e., it becomes feasible to give serious individal consideration to each
of the elements on the list as to whether or not they actually aise globally.

Indeed, in some cases the lists are so short that the temptadin to try to decide
whether or not they are optimal has proved to be irresistible and the remainder
of the paper { which has a di erent and more computational character { is de-
voted to this investigation. We prove the following results (of which only the last
is completely new):

Theorem 3. Let E=Q be an elliptic curve with everywhere potentially good reduc
tion. Then E(Q)[tors] is one of the following groups:

3) 0, Z2=2Z;, Z=3Z; Z=4Z; 7=6Z; 7=27 7=27:

Conversely, all such groups occur among elliptic curveE=Q with j =0 andj =
1728

2Readers will have to judge for themselves whether or not the | ists we give are too short, in
light of the current academic job market, to sustain the anal ogy.
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Theorem 4. Let K be a number eld of degreed, and E=K an elliptic curve which
admits complex multiplication over K .

a) If d=2, then E(K)[tors] is one of the following groups (all of which occur):
Z=nZ for n 2f1;2;3,4,6;7;109, Z=2Z Z7Z=2nZ for n 2f1,2;3;49, Z=3Z Z=3Z.
b) If d =3, then E(K)[tors] is one of the following groups (all of which occur):
Z=nZ for n 211;2;3,4,6;9;14g, Z=2Z Z=2Z.

Theorem 5. Let A=Q be an abelian surface with everywhere potentially good re-
duction. Then the order of the torsion subgroup# A(Q)[tors] is one of

4) 1 16 18 19 20; 22, 24; 25, 28, 30; 36, 48, 60; 72

Theorem 3 was etablished for CM elliptic curves overQ by Loren Olson [OIs] and
for all elliptic curves over Q with integral j -invariant by Gerhard Frey [Er]. What is

notable is that the purely local methods of the Main Theorem rule out all possibili-
ties exceptZ=5Z, which requires some global argument. We give a very short mof
that Z=57 cannot occur using part c) of the Main Theorem and the modulaity
theorem for elliptic curves.

As for Theorem 4, it is a special case of work done by H.G. Zimnreand his col-

laborators: indeed, in a sequence of papers ... 71], ... %2 .. 73] they classify
the torsion subgroup of an IM elliptic curve over number elds of degree 2 and
3. The point here is that their work requires massive computdion. Of course one
expects the CM case to be easier; however, by capitalizing oa theorem of J. L.

Parish [Pai], it turns out that the most naive possible approach gives an apparently
reasonable algorithm for enumerating the torsion subgroup of CM elliptic curves

over number elds of prime degree. This algorithm uses the sation of the class

number one problem { i.e., that there are precisely 13 ratioral integers which are
j -invariants of CM elliptic curves { but does not require any information about

higher class numbers. To give an idea of the relative di culties involved, it seems
to the author that the amount of calculation needed to deducethe cubic case of
Theorem 4 from the classi cation results of [...Z3] (i.e., to decide which of the IM

elliptic curves have complex multiplication) could equal ar exceed the calculations
necessary to establish the theorem.

Section 4 is devoted to the proof of Theorem 5. The methods ar@urely local
(but use more than the Weil bound (1), which is surprisingly far from being sharp
for higher-dimensional abelian varieties overF, and F3). We end the paper with
an incomplete discussion of the values of (5) that we know arattained: 11 entries
on the list remain in doubt.

This paper grew out of a chapter of the author's 2003 Harvard hesis [CIa], whose
general topic was local and global points on Atkin-Lehner qwtients of Shimura
curves, without and (especially) with o(N) and 1(N) level structure. The au-
thor is indebted to his thesis advisor, Barry Mazur, for mathematical and moral
support, and for general torsion-related inspiration. In particular versions of the
Main Theorem, Theorem 1 and Theorem 5 appear there. We remarkhat the
possible torsion subgroups of an abelian surfacA=Q with potential quaternionic
multiplication are signi cantly more restricted than the g eneral IM case: e.g., the
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maximum prime order of a torsion point is at most 7. These and t¢her essentially
guaternionic results will be treated elsewhere.

2. The proof of the Main Theorem

In Section 2.1 we prove part a) of the Main Theorem. Section 2 records a theorem
of McCallum and some basic facts concerning Neron models ahtorsion points of

abelian varieties over local elds. These facts must be verywell-known, but we

are not aware of suitable references, so for the convenienoé the less experienced
reader (and the author) we give complete proofs. In Section 3 we complete the
proof of the Main Theorem and in Section 2.4 we discuss an immvement and some
open problems.

Throughout this section we use the following notation: K is a complete eld, with
discrete valuation v, valuation ring R, maximal ideal m, and residue eld k.

2.1. The proof of part a). Let A=K be ad-dimensional abelian variety over a
non-Archimedean local eld K of nite residue cardinality g, a power of p. When
A=K has good reduction, the bound of the theorem is very well know: indeed, the
reduction map A(K )[tors]°! A(Fg)[tors]®is an injection, so

pd

# A(K)[tors]®  # A(Fq) = #Ker(1 F)=det(l FjT(A)= (1 i);

i=1
where the ;'s are the characteristic roots of Frobenius acting on an -adic Tate
module. By the Riemann hypothesis,jj ijj = pq for any Archimedean norm jj jj
onQ( i). So#A(Fq) (1+ " )29, establishing (1).

The point is that we can get exactly the same bound only assunmg that A=K

has potential good reduction. Indeed, according to[[ST, p. 98], we can nd a
nite totally rami ed extension L=K such that A=L has good reduction. But now
the prime-to-p torsion of A(K) is contained in the prime-to-p torsion of A(L), which

is isomorphic to the prime-to-p torsion of the good reduction A(F), i.e., we have
reduced to the case of good reduction without increasing theesidue eld, so the
bound of (1 + P 9)%¢ still applies.

2.2. Some preliminaries.
We begin by recalling the following \strong form" of the crit erion of Neron-Ogg-
Shafarevich.

Theorem 6. (Serre-Tate) Let A=K be an abelian variety with potentially good
reduction over a complete eld with residue characteristicp. For any N 3 and
prime to p, A acquires good reduction over the-torsion eld L = K (A[N]).

For A=K a d-dimensional abelian variety, we write A=R for the Neron model of
A=K . We will be almost entirely interested in the Neron special bre As .= A rk.

Let R : A(K) = A(R) ' A (k) = As(k) be the reduction map (the rst equal-

ity is by the Neron mapping property). The kernel G! of R is isomorphic to A(m),

the K -analytic Lie group obtained by using the formal group law A as a group
operation on m®. The following result bounds the torsion in G*.
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Proposition 7. Let F(X;Y ) be ad-dimensional formal group law over the valu-
ation ring R of K, with associated \standard" K -analytic Lie group G! = F(m).
Let H G! be any nite subgroup. Then:

a) The exponent ofH divides p[ﬁ].

b) The order of H divides qd[ﬁ].

Proof: We recall three results concerning ltrations on standard groups [LALG,

[1.IV.9], as simpli ed by our assumption that the valuation group is discrete. In-
deed, in this caseG! has a ltration by normal subgroups fG' = F(m')gl, . Let

fr 1 x 7! x" be therth power map. Itis shown: rst, that for all r primeto p, f, is
an automorphism of Gy; second that for alli, G'=G'*! = (k;+)" = (Z=pz)™ ; and
third, that when i > =&, fy:G' ! G'*P is an isomorphism. The result follows
from these facts.

We now recall some facts about the structure of the Neron speial bre. There
is a short exact sequence

0'A 21A ¢! 1 O
exhibiting the special bre as an extension of a nite etale group scheme =k

(the component group) by a connected commutative algebraigroup A2. Like any
commutative algebraic group, A2 admits a (unique) Chevalley decomposition

ol U T!A 21 B! 0

where U is a commutative unipotent group (the additive part, even though in pos-
itive characteristic U need not be isomorphic to a power of5;), T is a linear torus
(the multiplicative part) and B is an abelian variety (the abelian variety part).

Put =dim U, =dim T, =dim B. Itis standard to call the reduction purely
additive if = d. We shall also say that the reduction isatoric if =0 (this is not
standard).

Potentially good reduction is atoric [ST, p. 500] (but no proof is given). More
generally:

Proposition 8. Let L=K be a nite extension of complete elds, and letA=K be
an abelian variety. Then (A=L) (A=K) and (A=L) (A=K).

Proof: Because formation of the Neron model commutes with unrami ed base
change, we may assume without loss of generality that the redue eld k of K is
separably closed. LetS be the valuation ring of L and A%=S be the Neron model
of the base change ofA to L. On the other hand, we haveA=S= A=R R S, the
base change of the Neron model oA=K from R to S. If L=K is rami ed, these two
group schemes need not coincide, but at least the Neron mappg property applied
to the smooth S-group schemeA=S and the identity map on the generic bres
gives us anS-morphism' : A=S! A %S, and in particular a homomorphism of
algebraic groups' : As=k!A 9=k. The restriction of ' to T must land in the toric
part TO of A9 so if the toric rank has decreased, there exists som&,,  ker(' ).
This means that for any ~ 6 p, there exists a nontrivial “-torsion point P 2 A (k)
mapping to zero in A2(k). Now P lifts to a unique "-torsion point P of the generic
bre A(L), and obviously 06 ' (P); thus ' (P) reduces to zero in the special bre
of A° but the kernel of the reduction map has no"-torsion (see Proposition 7). A
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similar argument works to show that is non-decreasing, as one checks immediately
that if the abelian variety part of the special bre over L has smaller dimension,
the map' on special bres kills a nontrivial abelian subvariety of As.

The argument does not, of course, work to show that the additve rank is non-
decreasing. Nevertheless, it gives the following useful ¢&

Proposition 9. Let A=K be an abelian variety over a complete eld and.=K
a nite eld extension such that A=L has good reduction. Then, the preimage of
U(k) T(k) in A(K)[tors] is mapped (injectively) into the kernel of reduction G*
of A=L.

Finally, we will need the following result, proved in [McC]; see also [ELL].

Theorem 10. (McCallum) Let K be a complete eld with algebraically closed
residue eld and A=K a d-dimensional abelian variety with potentially good re-
duction. Let L=K be the (unique, minimal, Galois) extension over whichA aquires
good reduction.

a) The exponent of ( k) divides[L : K].

b) If a prime number ~ divides#( k),~ 2 +1 2d+1.

2.3. The proof of parts b) and c).

We already haveA(K )[tors]® [(1+ P 9?9], so it su ces to bound A(K)[p! ]. By
the work of the previous section, there is a ltration on A(K) whose sucessive quo-
tients are ( k); A%(k) and G;. Intersecting the Itration with A(K)[p* ], we get
subgroupsH1; Hz; H3 of these quotients, such that #A(K )[pt [ =# Hi #H, # Ha:
We will discuss each in turn.

By Proposition 7, we have #H3  #( G1)[tors] pfd [7511,

By Theorem 11, the exponent of the (geometric) component grop divides the
order of [L : KUY"], where L=K "' is the (unique, minimal, Galois) inertial exten-
sion over which A acquires good reduction. By Theorem 6, the Galois group of
L=K Y"" injects into Aut( E[N]) forany N 3 and prime to p, which by de nition
of mp(2d) means expHi1) exp([ p* ]) j p"r@D. But A(K)[tors] is generated by
2d elements, hence so i#l1, hence #H3[pt ]j p?m» @9,

Finally, A2 is an extension of an abelian variety of dimensiord by a commu-
tative unipotent group of dimension . Recall that a commutative unipotent group
U over an algebraically eld of characteristic p is isogenous to a direct product of
nite Witt-vector groups [AGCF, p. 176] { in particular, sin ce dimU = d, we
have U(Fq) = U(Fq)[p ] of cardinality p’ . Since (L+ P 9% > g2, the worst-case
scenario forH is good reduction, and #H,  [(1+ " §)29],.

Taking the product of these three bounds and the bound of parta) gives the
proof of part b).

Now assume thatA=K has purely additive reduction.

By Theorem 10b), the only primes dividing # are those =~ 2 +1 2d+1.
Since in the purely additive caseA(K )[tors]®! ( k), this gives the rst assertion
of part c).

As for the second assertion, we want to derive a di erent bour which is in-
dependent ofp and f. Since p?dm»Cd)  maxf# GLq(F3)?;# GLq(Fs5)2%g
# GL 2¢(Fs)?9, the bound on #H3 is already independent ofp. The bound on H;

technically depends onp, but in a wonderful way: lim pi1 pfd 7551 =1, so it may
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be taken to be independent ofp. Moreover, by Proposition 7a) the exponent ofG;
is independent off , hence, reasoning as above, the order ¢f3 is independent off .
Finally, the H, term is handled by Proposition 9, which tells us that H injects into
\an Hs;"i.e., into the points of a formal group whose rami cation in dex is bounded
by e # GL2q("), where ™ is any odd prime dierent from p. This completes the
proof of the Main Theorem.

2.4. Comparisons with the elliptic curve case.

The case of elliptic curves with purely additive reduction was studied by Flexor
and Oesterk [FOJ; they showed E(K )[tors]  48e(K=Qp). Part c) of the Main

Theorem can be regarded as a generalization of this, and esgelly of the existence
of a bound independent ofp and the residual degreef .

However, our result does not completely generalize the efitic curve case, because
Flexor and Oesterk do not need to assume that the reductionis potentially good;
rather, only that it is not split multiplicative. The essential fact used is the bound
#( k) 4 for the component group in this case, a well-known consequee of
Tate's algorithm. It is probable that there is an absolute bound for the exponent
(and even the order) of for an arbitrary atoric abelian vari ety, but this is only
known for the prime-to-p part.

Nevertheless, X. Xarles [Xa] has shown that torsion is strogly bounded among
all d-dimensional abelian varieties over ap-adic eld whose Neron special bre
does not contain a nontrivial split torus. Moreover, in the case of purely additive
reduction, his bound depends only ond and e(K=Q)).

3. Elliptic Curves over Number Fields

3.1. Elliptic curves E=Q. Let E=Q be a rational elliptic curve with everywhere
potentially good reduction. In particular we have potentially good reduction at
2, sopby Theorem 1a) the odd-order torsion inE(Q) is a group of order at most
[(1+  2)?] =5, sois either trivial, or Z=3Z or Z=5Z. But also we have good reduc-
tion EB§ so the prime-to-3 torsion subgroup injects into a goup of order at most
[(A+  3)?]1=7,soistrivial, oris Z=2Z; Z=27 Z=2Z; Z=4Z or Z=5Z. Finally, the
prime-to-5-torsion injects into a group of order at most [(1+ = 5)?] = 10. Collating
this information and comparing with the statement of Theorem 3, we see that what
remains to be shown is that there cannot exist a rational 5-tasion point.

Now we use thatE=Q does not have everywhere good reduction, a well-known
theorem of Tate; it is also an immediate consequence of the lgitic modularity the-
orem. Moreover, we claim that there is a primep 6 5 of bad reduction. Otherwise
the (modular!) elliptic curve would have to have conductor 25, and since X (25)
has genus zero, there are no such elliptic curves. Thus we gatprime p of bad, so
necessarily purely additive reduction, and part c) of the Man Theorem applies to
show that E(Qp)[5] = 0, and a fortiori E(Q)[5] = 0.

That all these groups occur already among elliptic curvesE=Q with j -invariant
0 or 1728 is a very classical fact, which can readily be reedttished by looking at
the Weierstrass equationsy? = x2+ Dx (j =0) and y? = x3+ D (j = 1728). This
completes the proof of Theorem 3.
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3.2. A miscellany of bounds.  Note that the bounds of Corollary 2 are exponen-
tial in both the dimension d and the number eld degreen. That the bound is expo-

nential in d cannot be helped: ifE=Q is a CM elliptic curve with E (Q)[tors] = Z=6Z,

then E¢ is a d-dimensional abelian variety with integral moduli and a tor sion group
of size 6. Since 6 is, with respect to d, the leading term in the bound of Corollary

2a), this bound looks quite good whend is large compared ton.

On the other hand, there is no reason to believe that the optinal bound for the
torsion subgroup of an elliptic curve E over a degreen number eld should be
exponential in n, even if we do not restrict to integral moduli. Indeed, there is
evidence to the contrary: Hindry and Silverman [HS] showed hat by restricting

to elliptic curves with everywhere good reduction over a number eld of degreed,
the torsion subgroup is at mostO(dlogd) (with an explicit constant). Moreover,

Silverberg [Sg92] gives bounds for CM abelian varieties ofvery dimension: when
d is large compared ton, our Corollary 2 still gives better bounds,® but when n is
large compared tod, Silverberg's bounds are much, much better.

In the case of elliptic curves an independent, and more elenmtary, proof of Sil-
verberg's theorem was given by Prasad and Yogananda [PY]. He is the bound:

Theorem 11. (Silverberg, Prasad-Yogananda) LetE=K be anO-CM elliptic curve
over a number eld K of degreen. Then

(e # (O)n
where e is the exponent ofE (K )[tors], and is % if K contains the CM eld and
is 1 otherwise. Moreover, if K doesnot contain the CM eld, then the same bound
holds for the order of the torsion subgroup.

For example, whenn = 5, Corollary 2b) says that the largest prime dividing the
torsion subgroup is at most 43, whereas Theorem 11 tells us #i the largest prime
divisor is at most 31.

The values of N for which a CM elliptic curve E=K can have full N -torsion are
especially restricted. Indeed we state without proof the fdlowing result (it is a
consequence of the main theorem of complex multiplication)

Proposition 12. Let E=K be a CM elliptic curve over a number eld. If for some
positive integer N 3, (Z=NZ)? ] E(K)[tors], then H(N) K, whereH(N) is
the ring class eld of conductor N.

Remark: SinceQ( n) is contained in H(N), it follows that K must contain the
N th roots of unity; of course this latter containment holds for all elliptic curves by
the Galois equivariance of Weil'sey -pairing. The proposition tells us that in the
CM case, forN 3, Q(E[N]) will typically be much larger than Q( ).

A moment's re ection reveals that it ought to be the case that the elliptic curves
de ned over a degreen number eld with the largest torsion subgroups are those
which arise via base change from a smaller eld, or especiallfrom Q. A beautifully

precise con rmation of this for CM elliptic curves is given by the following result
of J.L. Parish [Par].

3The bounds of Corollary 2 restricted to CM varieties also sup ercede those of [VanM].
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Theorem 13. (Parish) Let E=K be a CM elliptic curve which isminimally de ned
overK {i.e.,, K = Q(j(E)) {and let F be the compositum oK with the CM eld.
Then the order of a torsion pointon E(F) is 1; 2; 3; 4; or 6. Moreover, the torsion
subgroup ofE (K), if not cyclic, is of the form Zz=2Z Zz=2Z.

3.3. An algorithm for enumerating torsion subgroups of CM ellipt ic curves
over number elds of prime degree.

Supposen is a prime number. We give a procedure for enumerating the tasion
subgroups of CM elliptic curves over degreen number elds.

We will assume rst that n is odd; the casen = 2 will be settled at the end of the
section. Becausen is odd, Proposition 11 (or even the remark following it) allows
us to conclude that E (K )[tors] is of the form Z=NZ Z=aZ, wherea j gcdN; 2).
In particular, the odd-order torsion subgroup is cyclic.

First of all, the groups Z=nZ for n 2 f 1;2;3;4;6g and Z=2Z Z=2Z occur over
Q, hence will by base change occur for all degrees. (It follows easily from the
strong boundedness of torsion on elliptic curves that ifE=K is an elliptic curve
over a number eld and n a positive integer, then there are at most nitely many
degreen eld extensions L=K such that E (K )[tors] ( E(L)[tors].)

Now the key point is that sincen is prime, either Q(j (E)) = QorQ(j (E)) = K. But
Theorem 12 tells us precisely that in the latter case we will ot get any torsion sub-
groups other than those of the last paragraph. Thus, it su ces to restrict attention
to the 13 Z-integral CM j -invariants, namely 0; 1728 24335%; 21535%; 2333113,
3353, B53178; 2658, 215, 2153, 2183353, 2153853113, 218335323320%:

The rst step of the algorithm is to apply Corollary 2 and/or T heorem 11 to compile
a short list of candidate values ofN. Then, for each such value ofN not in the set
f1,2;3;4;6g and eachj;, 1 i 13, there is a very direct way to decide whether
or not there exists an elliptic curve E over a degreen eld with j(E) = j; and
Z=NZ E(K)[tors]: namely, we compute the zero-dimensional subscheely;j , of
X 1(N)=Q obtained as the preimage of the pointj; 2 A(Q) under the map

X1(N)! X(@! Ph:

As we will shortly describe, Tn;; may be represented as a zero-dimensional ideal
in a multivariable polynomial ring over Q. Its padical thus determines a niteetale
Q-algebra { i.e., a product of number elds ::1 Ki { and we de ne the degree
sequenceD (N;ji) to be the | -tuple giving the degrees overQ of each such num-
ber eld K;. Thus, there exists an N -torsion point on a CM elliptic curve with
j-invariant j; de ned over a number eld of degreen if and only if n appears in the
degree sequencB (N;j ;). Moreover, if it does, this procedure allows us to actually
write down the corresponding elliptic curve, and its full torsion subgroup may be
determined.

We now explain how Ty;;; may be computed. Suppose we haveE; P)=K, where
K is a eld of characteristic zero, E=K is an elliptic curve and P 2 E(K) is a point
of exact orderN 4. Starting with any given Weierstrass model for E, one can
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make a linear change of variables to get thekubert normal form
E(b;9:y?+(1 oxy by=x3® Dbx% b; c2K;

with j -invariant

(1 02 4p2+24b1 o) °

J(bi9= B 02 4b2+8(1 )3 27 91 o)(@ 0?2 4b)’

The function j (b; g is the composite function we want, sinceQ(X1(N)) = Q(b; 9.
As for the relations betweenb and c, they can be computed directly from the group
law, i.e., by writing down the equations corresponding to N]JP = 0; [i]P 6 0 for
0<i< N . When X1(N) has genus zero, the -function on X (1) can be given
as a rational function in some parameterT on X1(N), so that to compute Ty
amounts to factoring a one-variable polynomial overQ. Indeed, the parameteriza-
tions T are \classical," having been computed by Kubert [Kub] in his exploration of
Ogg's conjecture { i.e., Mazur's theorem { on the torsion sulgroup of E=Q. Work
of Reichert [Rei] demonstrates that computing the relations betweenb and c is not
essentially more di cult in the higher genus situation; ind eed he computes such
relations (his \raw forms"”) when N =11; 13; 14;15;16; 17, 18; note that X 1(17)
has genus 5. Since [(1 + Z?)?] = 14, Corollary 2 tells us that the largest prime
value of N that we need consider in order to prove Theorem 4 is 13. Thus,ni
order to prove Theorem 4 forn = 3, it su ces to type the equations of [Kub] and
[Rei] and the above list ofj -invariants into a computer algebra system and record
the degree sequences. They are as follows: (theinvariants are listed in the same
order as above; to save space, when a degree sequergie(;:;d) is repeateda > 1

Z=47: (2);(1;2);(2:4);(6); (1: 1, 4); (2, 2, 2); (2; 4)% (6)°

Z=5Z: (4);(2;4); (12)% (4:8): (12)%; (4;8)%; (12)°

Z=6Z: (1;3);(2;4); (1,2, 3;6); (3, 9); (4;8) (2; 2, 4, 4); (6, 6); (12)*

Z=7Z: (2;6);(12); (6; 18); (24); (3; 21)%; (24)%; (6; 18); (24)°

Z=8Z: (8); (4;8); (8;16); (24); (4; 4, 16); (4; 4, 8, 8); (4; 4; 16); (8; 16); (24)°

Z=9Z: (3;9); (18); (9; 27); (36)*; (6; 12, 18)*; (36)*

Z=10Z: (12); (2; 4; 4; 8); (12; 24); (36); (4; 8; 8; 16); (12; 24)°; (36)*

Z=11Z: (20); (30); (60); (10; 50)*; (5; 55); (10; 50); (60)?

Z=127: (4,8);(8;16); (4; 8; 12, 24); (48); (8; 8; 32); (16; 16; 16); (16; 32); (8; 8; 16, 16); (24; 24); (48)*
Z=137: (4;24);(6;36); (12, 72); (84); (12; 72); (84)°; (12; 72); (84)?

Kubert also gives de ning equations for genus zero torsion tsuctures of the form
Z=27Z Z=2MZ, so we give those degree sequences as well:

Z=27 Z=4Z: (4);(2;4); (4;8): (12); (2; 2; 8); (4; 4: 4); (4: 8)% (12)°
Z=27 Z=6Z: (2;6);(4;4;4);(2;2;2;6;6;6); (24); (8; 8;8)% (4; 4; 4, 4; 4, 4); (6; 6; 12); (24)*
Z=27 Z=8Z: (16);(8;8;8);(8;8;16;16); (48); (4;4;8;16,16); (4;4; 4; 4; 8; 8; 16); (8; 8; 16, 16)*; (48)°

Remark: For xed N and for all j; except 0 and 1728, the sums of the degree
sequences are constant, and equal to the degree of the natlinmap ' : X1(N) !
X1(1), whereas the total degrees aff = 0 and j = 1728 are always smaller: this
exhibits the well-known fact that ' is ramied only at j =0 and j = 1728 (and
possibly at the cusps).
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To complete the proof of Theorem 4 forn = 3 we need only look at the three
instances of \3" among the degree sequences and compute thallf torsion sub-
group of each of the corresponding elliptic curves. These ttee elliptic curves are
given, in Kubert normal form, by the following values of b and c:

K = Q[d=(d® d?* 2d+1); b=2d 1, c=d?* d; E(K)[tors] = Z=14Z:
K = Q[d=(d® 15d?+12d+1); b=14d®> 12d 1;c= d® d; E(K)[tors] = Z=14Z:
K= Q[f]l=(f® 3f2+1); b=13f2 f 5 c=2f2 1; E(K)[tors] = Z=9Z:

For the casen = 2, we must contemplate the possibility that (Z=NZ)2 E (K )[tors]
for N =3; 4 or 6.

For N = 3, the modular curve X (3)=Q( 3) is again \parameterizable" (i.e., of
genus zero): Q( 3)(X (3)) = Q( (3))( ), and the equation of the universal elliptic
curve over the generic bre is especially well-known: it is he Hesse curve

E :X3+Y3+2Z3+ XYZ =0:
Here, if we takeO =[1: 1:0], then a basis forE[3] is givenbyS =[1; 3;0]; T =
[1;0; 1]. The j-invariant of the Hesse curve is
35 5( )= 12 648 °+139968 ¢ 100776963
T 9 816 21873 19683

Using this, one sees that the unique CM elliptic curve overQ( 3) with full 3-torsion
is the Fermat curve X3+ Y3+ Z3 = 0, whose full torsion group is (Z=3Z)?. In
particular there is no CM elliptic curve over a quadratic el d with full 6-torsion. #

The case of g=47)? E (K)[tors] can be ruled out by analyzing the three in-
stances of \2" in the degree sequences foZE2Z Z=4Z) (or indeed by looking at

(4) level structure, which has an equally well-known parameterization). For the

sake of variety, we give the following alternate argument: f E=K is any elliptic

curve de ned over a quadratic number eld with full 4-torsio n, then necessarily
K = Q( 4). So 5 splits in K, and if E has integral moduli, the 4-torsion would
have to reduc% injectively into an elliptic curve over Fs, which however has order
at most [(1 + 5)?] = 10. Thus it is impossible for an IM elliptic curve over a

guadratic eld to have full 4-torsion.

This completes the proof of Theorem 4.

4, Abelian surfaces over Q

4.1. Bounds obtained from the Main Theorem. Let A=Q be an IM abelian
surface. As usual, applying part a) of the Main Theorem primeby prime leads to
a short list of possible orders of torsion groups. Indeed, inhisF@se, the odd order

torsion injects into a group of order at most #A(F2) [(1+  2)%] = &3 and the
prime-to-3 torsion injects into a group of order atmost #A(F3) [(1+ 3)*] = 55.

4Ir0nical|y, since X (6) has genus one and an order six automorphism with a xed poi nt, it too
must be the Fermat curve X3+ Y3+ Z38 =0.
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This implies that the the possible orders of torsion groups & of the form 22 v,
where 0 a 5 andy lies in the set

(5) 1;3:5;7;3%11;13,3 5;17:19,3 7;23,5%,3%2931:3 11

4.2. Some Tate-Honda Theory. Suppose one wishes to enumerate all the possi-
ble values of #A(Fq), where A=F, is a d-dimensional abelian variety. Recall that for
two abelian varieties A;; A, over Fq, the following are equivalent: a) that they are
isogenous, b) that their Frobenius characteristic polynomals coincide, c) that they
have the same number of rational points over every nite eld extension. Thus, to
perform the enumeration, it is enough to know the set of all Fobenius polynomials
P(T) of d-dimensional A=F4: just evaluate at T = 1.

This problem { namely, which polynomials arise as Frobeniuspolynomials? { is
addressed by the theory of Tate and Honda. The de nitive introduction to this
theory is still to be found in Waterhouse's thesis [Wat]; here we will just give an
\explicit formula” for # A(Fp) where A is an abelian surface.

Proposition 14.  There are three \types" of abelian surfaceA=F;, whose Frobenius
polynomials are as follows:

a) Type I: Pa(T)=(T? aT+ p)(T? a,T + p), wherea;; a, are integers such
that jaij; jagj < 27 P, #A(Fp) =(p+1 a)(p+1l ap).

b) Type II: Pa(T)=(T? p)% #A(Fp)=(p 1)

c) Type lll: PA(T)= T4 2aT3+(a?+2p 2db2);§2 2apT + p?, whered > 1 is
a %quarefree integer,a; b& %Z are such thata+ b d is in the ring of integers of

Q( d),b60 andjaj+jb d< Zpﬁ; #A(Fp)=(p+1)2+(a 1) 2ap d¥ 1.
Proof: If A=F4 is an abelian surface, then eithetrA ¢, E1  E; or A is Fg-simple.
The former case is Type |, so it su ces to consider theFq-simple (henceforth called
\simple," which is not to be confused with geometrically simple) case.

If A=Fq is a simple abelian surface, its Frobenius polynomiaPa (T) is a quar-
tic Weil g-polynomial, i.e., a polynomial in Z[T] whose roots have normp q under
every Archimedean valuation. Moreover,P4 is either irreducible or is of the form
Q(T)? for Q(T) an irreducible quadratic. Over a general nite eld Fq it is some-
what intricate to describe which Weil polynomials of the seond type correspond
to abelian surfaces, but overF, this can only happen if the eld Q( ) generated

by a Frobenius root is real, i.e., = ( ) p. This is Type Il. Otherwise Q( )
is a quartic CM eld which is best understood in terms of the real quadratic sub-
eld Q( ), where = + B, Indeed, the condition on that it be \the " of

some quarlic Weil p-number s just that it be an irrational real quadratic integer
= a+b dwhich has norm strictly less than P p in both Archimedean valuations,

i.e.,jaj+jb d< 2p p. The corresponding is then a solution of T> T + p=0.
This is Type llI.

4.3. The proof of Theorem 5. Using Proposition 14, we record #A(F,) for
p=2; 3; 5:
Fact 15. Let A=F, be an abelian surface over the nite eldF,, p 5. Then:
#A(F)=1 16, 19, 20; or 25:
#A(F3)=1 16, 18 25 28 30, 34 36, 42 or 49
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#A(Fs)=4; 6 50 52 56; 58 64, 69 72 79 81, 9C; or 100

Note the sparsity for p=2 and p = 3: by the time we get to p =5 there is such an
enormous interval of assumed values that nothing further isruled out.®

Working prime by prime, we now use Fact 15 to eliminate many ofthe values
fromthe list22 y,1 a b5,y in the list (6) (e.g., we can in fact takea 4), and
in doing so we arrive at the list (4) of Theorem 5.

4.4. Some attained values of N. Let us discuss which values of the list (4) we
know do arise.

If E1; E>=Q are two IM elliptic curves, then A := E; E»=Q is an IM abelian
surface, andA(Q)[tors] = E1(Q)[tors] E»(Q)[tors]. Thus, using Theorem 3, the
orders of A(Q)[tors] arising in this way are: 1 4; 6; 8; 9; 12 18 24; 36.

If E=K is an IM elliptic curve over a quadratic eld, then A := Resk- o(E), the Weil

restriction of E from K to Q, is an IM abelian surface with A(Q)[tors] = E (K )[tors].

Thus the classi cation of torsion subgroups on IM elliptic curves over quadratic
elds of [...Z1] becomes relevant: it turns out that, in addition to the groups of
Theorem 4a), there ariseZ=5Z and Z=8Z. So in this way, we get additional orders
5; 7; 10 for A(Q)[tors].

The abelian surfaceJ;(13)=Q { i.e., the Jacobian of the modular curve X(13)
{ has integral moduli and J;(13)(Q)[tors] = Z=19Z. Thus 19 arises.

The abelian surfacel; (16)=Q has integral moduli and J; (16)(Q)[tors] = Z=2 Z=10.
Thus 20 arises.

So to complete the classi cation of orders of torsion subgraps of IM abelian sur-
facesA=Q, it remains to decide which of the following eleven values ozur:

(6) 11; 13, 14; 15; 22; 25; 28, 30; 48, 60; 72
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