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STRONGEST GROWTH NEAR AN ESSENTIAL SINGULARITY.

Now the types of F(z), f(z) are attained only along the directions of
strongest growth. Consequently, at the points at which F(z) and Fv{z)
satisfy an inequality of the form (9), the functions Fll(z)(fx ^ v) do not attain
the type h of F(z). A similar property holds for/(l/z) and the/,,(l/z). It
therefore follows that \F(z)\ and |/(l/z) | attain large values at corresponding
points along each identical direction of strongest growth, given by a formula
similar to (11), although the densities of such sets of points will, in general,
be different along different directions of strongest growth. As already noted
|^(e~s)—f(z)\ is bounded in the neighbourhood of the point 2 = 0 and
this remark completes the proof of the theorem.
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THE PRODUCT OF TWO NON-HOMOGENEOUS LINEAR FORMS
D. B. SAWYER*.

Let L($, r)) == ag-\-br), M(g, rj) = c^+d-q be two homogeneous linear
forms in £, r\ with real coefficients and determinant A = ad—be > 0, and
let p, q be any two real numbers. A great many proofs have been given
of the well-known
THEOREM.

Integer values of f, 17 exist such that

I give here a further proof.
We also call A the determinant of the non-homogeneous lattice given
by x = a
* Received 18 March, 1948; read 18 March, 1948,
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LEMMA. If A, B, C are three points of a two-dimensional lattice (homogeneous or non-homogeneous), of determinant A, such that the triangle ABC
contains no lattice point inside or on its boundary other than A, B, C, then its
area is |A.

For complete the parallelogram A BCD. This contains no lattice point
other than A, B, C, D and so it generates the lattice. Thus its area is A
and so the area of triangle ABC is |A.
Proof of Theorem. Consider the region $ defined by | xy | ^ £A. If we
can show that R contains a point of every non-homogeneous lattice of
determinant A, then clearly integers £, rj exist such that

and the theorem is proved.
Suppose that a lattice A of determinant A' has no point in R. There will be
points of A in each of the four regions outside R\, and we can find four lattice
points, one in each of these regions, forming a quadrilateral which contains
no lattice point inside or on its boundary except at the vertices. Dividing
this into two triangles we see by the lemma that its area is A'.
We now show that its area is greater than A.
Let the coordinates of the vertices be (04, &), (—a2, /?2), (—a3, — j33),
(a4, — j54), where the a,-, /?,- are all positive, and a,-/?,->£A, i= 1, 2, 3, 4.
Then
A' = area of quadrilateral
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Therefore A' > A.
Thus every non-homogeneous lattice of determinant less than or
equal to A has at least one point in R.
Hence the theorem is proved.
St. John's College,
Cambridge.
f Clearly there exist arbitrarily large integer values of |, 77 for which x and y have
given signs and | xy | > JA,

