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Abstract

While various techniques have been used to demonstrate the classical four squares theorem

for the rational integers, the method of modular forms of two variables has been the standard

way of dealing with sums of squares problems for integers in quadratic fields. The case of

representations by sums of four squares in Qð
ffiffiffi
5

p
Þ was resolved by Götzky, while those of

Qð
ffiffiffi
2

p
Þ and Qð

ffiffiffi
3

p
Þ were resolved by Cohn. These efforts utilized modular forms. In previous

work, the author was able to demonstrate Götzky’s theorem by means of the geometry of

numbers. Here Cohn’s theorem on representation by the sum of four squares for Qð
ffiffiffi
2

p
Þ is

proven by a combination of geometry of numbers and quaternionic techniques.

r 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In papers in the early 1960’s, H. Cohn found analogues of sums of squares
theorems for certain quadratic number fields. These papers extended the work of

Götzky in the 1920s demonstrating that every totally positive integer in Qð
ffiffiffi
5

p
Þ is the

sum of four squares of integers from that field. In particular, Cohn showed that

every totally positive integer with even coefficient on the radical term in Qð
ffiffiffi
2

p
Þ and
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Qð
ffiffiffi
3

p
Þ is the sum of four integer squares from their respective fields. The above work

of Götzky and Cohn was based on the theory of modular forms of two variables,
and gave the number of representations in addition to an existence proof (see [2–
4,6]). Here Cohn’s Theorem on the existence of sum of four squares representations

is proven in the case of Qð
ffiffiffi
2

p
Þ without recourse to the theory of modular forms.

Other techniques have been used to prove the classical four squares theorem that
every positive rational integer is the sum of four rational integer squares. Lagrange
used infinite descent, Grace worked with the geometry of numbers, and Hurwitz
utilized a special ring of quaternions (see [8,9]). In a previous paper, the author gave

an alternate proof of Götzky’s result for Qð
ffiffiffi
5

p
Þ by means of geometry of numbers.

Using a convex figure in R8 called a spherical diamond, it was possible by means of
geometry of numbers to demonstrate that for each algebraic integer prime r in

Qð
ffiffiffi
5

p
Þ there exist algebraic integers a; b; g; d and k such that

a2 þ b2 þ g2 þ d2 ¼ kr; ð1:1Þ

where jkk�jp8: Here � means conjugation with respect to Qð
ffiffiffi
5

p
Þ: From this point,

some number theory in the ring of integers of Qð
ffiffiffi
5

p
Þ eliminated all cases except that

of k a unit. The four square theorem then follows (see [5]). Due to larger bounds and
differences in number theory of the corresponding ring, the above approach is

insufficient by itself for the case of sums of four squares in Qð
ffiffiffi
2

p
Þ:

Hurwitz’s approach to the classical four squares theorem used the norm Euclidean

property of the ring Z 1; i; j; 1
2
ð1 þ iþ jþ kÞ

� �
: However, one key step in the proof

required the use of the result in elementary number theory that for every rational

prime p there exists rational integers a and b such that a2 þ b2 þ 1 ¼ kp with kop:
While it is not clear if there is an analogue to this result in quadratic fields, this
difficulty can be avoided by using the conclusions available from the geometry of
numbers.

In contrast to Hurwitz’s quaternions, we use the ring of cubian quaternions.

Letting Oð
ffiffiffi
2

p
Þ represent the ring of algebraic integers in Qð

ffiffiffi
2

p
Þ; the cubians are the

Oð
ffiffiffi
2

p
Þ-module with generators f1;

ffiffiffi
2

p
ð1 þ iÞ=2;

ffiffiffi
2

p
ð1 þ jÞ=2; 1

2
ð1 þ iþ jþ kÞg: This

set is a ring and a principal ideal domain (see [1,11]). Recall than an associate of an
element of a ring is the product of that element with a unit of the ring on the left or
right. While each Hurwitz quaternion has an associate with integer coefficients in the
standard quaternion basis f1; i; j; kg; it is not the case that every cubian has an

associate with Oð
ffiffiffi
2

p
Þ coefficients in that basis. However, some weaker results are

proven that combined with knowledge of factorization into primes of Oð
ffiffiffi
2

p
Þ suffice

to obtain Cohn’s result for Qð
ffiffiffi
2

p
Þ: For information on the classical case see Hardy

and Wright [8, Chapter XX] and Herstein [9].
To fix notation, let i; j; and k be the standard quaternions whose squares are 
1

and whose products are anti-commutative, i.e. ij ¼ 
ji; etc. We use H to represent
the ring of all real quaternions, that is, all real linear combinations of the elements 1,
i; j; k: Bold type is used to represent a quaternion variable, so that a typical element
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of H is of the form q ¼ q1 þ q2iþ q3jþ q4k with q1;y; q4 real numbers. Quaternion
conjugation is denoted by placing a bar above the variable. Thus %q is the same as q
except for sign changes in the coefficients of i; j; and k: N represents the quaternion

norm, so that NðqÞ ¼ q � %q ¼ q2
1 þ?þ q2

4:
For R a subring of the real numbers, and s1;y; sk real quaternions, we define

R½s1;y; sk
 as the R module generated by s1;ysk: When R is a subring of a
quadratic field, we use a star � to show conjugation with respect to the field. Thus the

cubians are K ¼ Oð
ffiffiffi
2

p
Þ½1;

ffiffiffi
2

p
ð1 þ iÞ=2;

ffiffiffi
2

p
ð1 þ jÞ=2; 1

2
ð1 þ iþ jþ kÞ
: We define

w1 ¼ 1; w2 ¼
ffiffiffi
2

p
ð1 þ iÞ=2; w3 ¼

ffiffiffi
2

p
ð1 þ jÞ=2; w4 ¼ 1

2
ð1 þ iþ jþ kÞ: ð1:2Þ

2. Results from the geometry of numbers

A key result in the alternate proof of Götzky’s theorem was that for every prime r
in the algebraic integers Oð

ffiffiffi
5

p
Þ of Qð

ffiffiffi
5

p
Þ there exist k; a; b; g and d in Oð

ffiffiffi
5

p
Þ for

which kr ¼ a2 þ b2 þ g2 þ d2 with k a unit. This can be generalized using the same
geometry of numbers technique employed in Deutsch [5], though the restriction on k
must be loosened.

Lemma 1. Let p be a rational prime which splits in the ring of algebraic integers O of a

real quadratic field of discriminant d. Let r be a prime of O dividing p. Then there exist

k; a; b; g and d in O such that kr ¼ a2 þ b2 þ g2 þ d2 and jkk�jp1:70 � d:

Proof. We closely follow the proof in Deutsch [5]. Since p splits, jrr�j ¼ p: Choose

rational integers a and b such that a2 þ b2 þ 1 � 0ðmod pÞ: Hence a2 þ b2 þ 1 �
0ðmod rÞ: Choose e so that 1 and e are Z module generators of O; i.e. O ¼ Z½1; e
:

To employ the geometry of numbers approach, we need to choose a lattice and a

centrally symmetric convex subset in R8: For the lattice we choose the set

ða; a�; b; b�; aaþ bbþ mr; aa� þ bb� þ m�r�; ba
 abþ nr; ba� 
 ab� þ n�r�Þ; ð2:1Þ

where a; b; m and n run through all of O: It can be seen that this lattice is generated
by the following basis elements:

ð1; 1; 0; 0; a; a; b; bÞ; ðe; e�; 0; 0; ae; ae�; be; be�Þ;
ð0; 0; 1; 1; b; b;
a;
aÞ; ð0; 0; e; e�; be; be�;
ae;
ae�Þ;
ð0; 0; 0; 0; r; r�; 0; 0Þ; ð0; 0; 0; 0; er; e�r�; 0; 0Þ;
ð0; 0; 0; 0; 0; 0; r; r�Þ; ð0; 0; 0; 0; 0; 0; er; e�r�Þ

8>>><
>>>:

9>>>=
>>>;
: ð2:2Þ

The size of the lattice is the absolute value of the determinant of a basis, which is

jðe
 e�Þ4r2ðr�Þ2j or d2p2: We apply Minkowski’s convex body theorem to the
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spherical diamond CðrÞ in R8 defined byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ x2
2 þ x2

3 þ x2
4

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

5 þ x2
6 þ x2

7 þ x2
8

q
pr: ð2:3Þ

Using Deutsch [5, Lemma 8] we choose r such that

p4

280
r8X28 � d2 � p2 3 r8X

28 � d2 � 280
p4

p2 ð2:4Þ

so r ¼ 2:2822d1=4p1=4 suffices. Minkowski’s geometry of numbers gives us algebraic
integers, not all zero, such that

a2 þ b2 þ g2 þ d2 ¼ kr ð2:5Þ

and

ffiffiffiffiffiffi
kr

p þ
ffiffiffiffiffiffiffiffiffiffi
k�r�

p
p2:2822d1=4p1=4 ð2:6Þ

so

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
krk�r�

pq
p

ffiffiffiffiffiffi
kr

p þ
ffiffiffiffiffiffiffiffiffiffi
k�r�

p
p2:2822d1=4p1=4

jkrk�r�j1=4pð2:2822=2Þd1=4p1=4

jkk�jp1:6955d: ð2:7Þ

That proves the Lemma. &

Specializing to the case of Qð
ffiffiffi
2

p
Þ we can get a tighter bound.

Lemma 2. Let r be a prime in Oð
ffiffiffi
2

p
Þ: Then there exist k; a; b; g and d in Oð

ffiffiffi
2

p
Þ such

that kr ¼ a2 þ b2 þ g2 þ d2 and jkk�jp9:

Proof. Let r lie above the rational prime p: There are three cases.
If p is inert then r is an associate of p: The classical four squares theorem for

rational integers shows that we can choose k as a unit of Oð
ffiffiffi
2

p
Þ:

If p ramifies then p ¼ 2 and r must be an associate of
ffiffiffi
2

p
: Noting the trivial

equation
ffiffiffi
2

p ffiffiffi
2

p
¼ 12 þ 12 we may choose k as an associate of

ffiffiffi
2

p
: Thus jkk�j ¼ 2

which suffices for the Lemma.

Suppose that p splits. Note the discriminant of Oð
ffiffiffi
2

p
Þ is 8: By Lemma 1 there

exists kAOð
ffiffiffi
2

p
Þ such that kr is the sum of four squares and jkk�jp1:7d ¼ 13:56:

Hence jkk�jp13:

Let q be a rational prime that is inert in Oð
ffiffiffi
2

p
Þ and which divides kk�: Being prime

implies q divides k or k�: But if q divides one, it must also divide the other. Hence q2
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divides kk�: Since 3, 5, 11 and 13 are inert in Oð
ffiffiffi
2

p
Þ we observe that jkk�j cannot

equal any of f3; 5; 6; 10; 11; 12; 13g: Hence jkk�jp9: &

3. The cubians

It has already been noted that the cubians K form a ring and are a principal ideal
domain for each of the left ideals and the right ideals. There are 48 units of norm one
in K of which only a subset will be needed for our purposes. For details see Vignéras
[11].

Lemma 3. The following are units in K of norm 1.

7

w1;w2;w3;w4;
ffiffiffi
2

p
w2 
 w1;

ffiffiffi
2

p
w4 
 w3;

ffiffiffi
2

p
w3 
 w1;


w4 þ
ffiffiffi
2

p
w3 þ

ffiffiffi
2

p
w2 
 w1;w3 þ w2 


ffiffiffi
2

p
w1;

ffiffiffi
2

p
w4 
 w2;

w4 
 w1;w2 

ffiffiffi
2

p
w1;w4 


ffiffiffi
2

p
w3;w3 


ffiffiffi
2

p
w1;



ffiffiffi
2

p
w4 þ 2w3 þ w2 


ffiffiffi
2

p
w1;w4 


ffiffiffi
2

p
w3 þ w1;


w4 þ
ffiffiffi
2

p
w3 þ

ffiffiffi
2

p
w2 
 2w1;

ffiffiffi
2

p
w4 
 w3 
 w2 þ

ffiffiffi
2

p
w1;ffiffiffi

2
p
w4 
 w3 
 w2

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
: ð3:1Þ

Proof. First note that K is closed under conjugation since %w1 ¼ w1; %w2 ¼
ffiffiffi
2

p
w1 


w2; %w3 ¼
ffiffiffi
2

p
w1 
 w3; %w4 ¼ w1 
 w4: The quaternions listed above all have norm 1

as is easily demonstrated by computer algebra. The inverse of any quaternion of
norm 1 is its conjugate. For the quaternions above this means the inverse is an
element of K: Hence the quaternions in (3.1) are units of K:

These units were derived by multiplying w1 through w4 together numerous times
and in various combinations. &

Lemma 4. K-R ¼ Oð
ffiffiffi
2

p
Þ:

Proof. As 1AK it is clear that Oð
ffiffiffi
2

p
ÞDK-R: In the other direction, write a typical

aAK as a ¼ a1w1 þ a2w2 þ a3w3 þ a4w4 where a1;y; a4AOð
ffiffiffi
2

p
Þ: Suppose that aAR:

Then, as the k coefficient of a is zero we must have a4 ¼ 0: Considering the j

coefficient we find a3 ¼ 0: Similarly for the i coefficient, implying a2 ¼ 0: Thus a ¼
a1w1AR: Therefore, K-RDOð

ffiffiffi
2

p
Þ and the Lemma follows. &

Lemma 5. For all aAK the quaternionic norm NðaÞAOð
ffiffiffi
2

p
Þ:

Proof. NðaÞ ¼ a%a is an element of the ring K as this ring is closed under conjugation.

By the previous Lemma, NðaÞAOð
ffiffiffi
2

p
Þ: &
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Hurwitz’s proof of the rational four squares theorem depends upon the fact that
every quaternion in his special ring has an associate in Z½1; i; j; k
: In contrast,
numerical computation tends to imply that even if we permit multiplication by units
on both sides of an element of K we do not always get at least one such two sided

associate into Oð
ffiffiffi
2

p
Þ½1; i; j; k
: However, the following weaker results suffice for our

purposes.

Lemma 6. For all qAK there exists a quaternion unit uAK of norm 1 such that
ffiffiffi
2

p
qu

has Oð
ffiffiffi
2

p
Þ–integer coefficients, i.e.

ffiffiffi
2

p
quAOð

ffiffiffi
2

p
Þ½1; i; j; k
:

Proof. Let q ¼ a1w1 þ a2w2 þ a3w3 þ a4w4; where a1;y; a4AOð
ffiffiffi
2

p
Þ: Write

q ¼ 2ðg1w1 þ g2w2 þ g3w3 þ g4w4Þ þ ðd1w1 þ d2w2 þ d3w3 þ d4w4Þ; ð3:2Þ

where g1;y; g4AOð
ffiffiffi
2

p
Þ and d1;y; d4AOð

ffiffiffi
2

p
Þ=ð2Þ: Note that a full set of residues of

Oð
ffiffiffi
2

p
Þ modulo 2 can be chosen as f0; 1;

ffiffiffi
2

p
; 1 þ

ffiffiffi
2

p
g: Computation shows that for

all possible values of d1;y; d4 there exists a quaternion unit u in (3.1) such thatffiffiffi
2

p
ðd1w1 þ?þ d4w4Þu is an element of Oð

ffiffiffi
2

p
Þ½1; i; j; k
: See Table 1 for examples of

the relevant computations. Also

ffiffiffi
2

p
� 2 �

X4

t¼1

gtwt

 !
� u ¼ 2 �

ffiffiffi
2

p
�
X4

t¼1

#gtwt ð3:3Þ

with #g1;y; #g4AOð
ffiffiffi
2

p
Þ as K is closed under quaternion multiplication. However, two

times any element of K must be in Oð
ffiffiffi
2

p
Þ½1; i; j; k
 as the denominators of the
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Table 1

Some associates of elements of K whose dilations by
ffiffiffi
2

p
are in Oð

ffiffiffi
2

p
Þ½1; i; j;k


Quaternion q Unit u
ffiffiffi
2

p
qu

^ ^ ^ffiffiffi
2

p
w1 w1 2ffiffiffi

2
p
w1 þ w4 w2

ffiffiffi
2

p
þ ð

ffiffiffi
2

p
þ 1Þiþ jffiffiffi

2
p
w1 þ

ffiffiffi
2

p
w4 w1 3þ iþ jþ kffiffiffi

2
p
w1 þ ð

ffiffiffi
2

p
þ 1Þw4 w2

ffiffiffi
2

p
þ ð2

ffiffiffi
2

p
þ 1Þiþ ð

ffiffiffi
2

p
þ 1Þjffiffiffi

2
p
w1 þ w3 w1 3þ jffiffiffi

2
p
w1 þ w3 þ w4 w3

ffiffiffi
2

p
þ ð2

ffiffiffi
2

p
þ 1Þjþ kffiffiffi

2
p
w1 þ w3 þ

ffiffiffi
2

p
w4 w1 4þ iþ 2jþ kffiffiffi

2
p
w1 þ w3 þ ð

ffiffiffi
2

p
þ 1Þw4 w3

ffiffiffi
2

p
þ ð3

ffiffiffi
2

p
þ 1Þjþ ð

ffiffiffi
2

p
þ 1Þkffiffiffi

2
p
w1 þ

ffiffiffi
2

p
w3 w1 ð

ffiffiffi
2

p
þ 2Þ þ

ffiffiffi
2

p
jffiffiffi

2
p
w1 þ

ffiffiffi
2

p
w3 þ w4 w2 ð

ffiffiffi
2

p
þ 1Þ þ ð

ffiffiffi
2

p
þ 2Þiþ 2j
 kffiffiffi

2
p
w1 þ

ffiffiffi
2

p
w3 þ

ffiffiffi
2

p
w4 w1 ð

ffiffiffi
2

p
þ 3Þ þ iþ ð

ffiffiffi
2

p
þ 1Þjþ k

^ ^ ^
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generators are 1,
ffiffiffi
2

p
or 2. Hence

ffiffiffi
2

p
qu ¼

ffiffiffi
2

p
� 2 �

X4

t¼1

gtwt

 !
� uþ

ffiffiffi
2

p
�
X4

t¼1

dtwt

 !
� u ð3:4Þ

is an element of Oð
ffiffiffi
2

p
Þ½1; i; j; k
: &

We now need a more delicate result on associates. If we consider certain primes in

Oð
ffiffiffi
2

p
Þ such as 3 þ

ffiffiffi
2

p
and 5 þ

ffiffiffi
2

p
we know that these cannot be written as sums of

squares. Yet the product ð3 þ
ffiffiffi
2

p
Þð5 þ

ffiffiffi
2

p
Þ ¼ 17 þ 8

ffiffiffi
2

p
can be written as the sum of

four squares. This situation is related to the following lemma.

Lemma 7. Let qAK: Thus NðqÞAOð
ffiffiffi
2

p
Þ: Suppose NðqÞ ¼ a þ b

ffiffiffi
2

p
where a is an odd

rational integer and b is an even rational integer. Then there exists a quaternion unit

uAK of norm 1 such that quAOð
ffiffiffi
2

p
Þ ½1; i; j;k
:

Proof. Consider the norm of a typical element of K:

Nðða1 þ b1

ffiffiffi
2

p
Þw1 þ ða2 þ b2

ffiffiffi
2

p
Þw2 þ ða3 þ b3

ffiffiffi
2

p
Þw3 þ ða4 þ b4

ffiffiffi
2

p
Þw4Þ; ð3:5Þ

where a1;y; a4; b1;y; b4AZ: By Lemma 5 this expression must simplify to A þ B
ffiffiffi
2

p

where A and B are rational integers. Computer algebra shows that A and B are
polynomials in the a’s and b’s with rational integer coefficients. Also

A � a2
1 þ a2

2 þ a2
3 þ a2

4 þ a1a4 þ a2a3ðmod 2Þ;

B � a1a2 þ a1a3 þ a2a4 þ a3a4 þ a4b1

þ a3b2 þ a2b3 þ a1b4ðmod 2Þ: ð3:6Þ

Note that if we take rational integers c1;y; c4 and d1;y; d4 such that ct � atðmod 2Þ
and dt � btðmod 2Þ for t ¼ 1; 2; 3; 4 and compute the quaternion norm of ðc1 þ
d1

ffiffiffi
2

p
Þw1 þ?þ ðc4 þ d4

ffiffiffi
2

p
Þw4 then the values of A and B modulo 2 do not change.

As in the previous Lemma let q ¼ a1w1 þ a2w2 þ a3w3 þ a4w4 where atAOð
ffiffiffi
2

p
Þ for

t ¼ 1;y; 4: Again decompose q as in (3.2), where g1;y; g4AOð
ffiffiffi
2

p
Þ and

d1;y; d4AOð
ffiffiffi
2

p
Þ=ð2Þ: Let d ¼ d1w1 þ?þ d4w4: Then at � dtðmod 2Þ in Oð

ffiffiffi
2

p
Þ

for t ¼ 1;y; 4: Thus the rational coefficients of at and dt are congruent modulo 2 in
Z and the same holds for the corresponding irrational coefficients.

Consequently, the rational coefficient of NðqÞ is congruent modulo 2 to the
rational coefficient of NðdÞ; and the irrational coefficient of NðqÞ is also congruent
modulo 2 to the irrational coefficient of NðdÞ:

Computation shows that for every possible value of d such that the rational

coefficient of NðdÞ is odd, and the coefficient of
ffiffiffi
2

p
in NðdÞ is even, there exists a

quaternion unit u in (3.1) such that du is an element of Oð
ffiffiffi
2

p
Þ½1; i; j; k
: See Table 2
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for examples of the corresponding computation. Thus

qu ¼ 2 �
X4

t¼1

gtwt

 !
� uþ d � u ¼ 2 �

X4

t¼1

#gtwt

 !
þ d � u ð3:7Þ

with #gtAOð
ffiffiffi
2

p
Þ for all t as K is closed under quaternion multiplication. Since twice

any element of K is in Oð
ffiffiffi
2

p
Þ½1; i; j; k
 we find qu is also in Oð

ffiffiffi
2

p
Þ½1; i; j; k
: &

Suppose r is a totally positive prime of the ring Oð
ffiffiffi
2

p
Þ lying over the rational odd

prime p: If r ¼ p does not split in Oð
ffiffiffi
2

p
Þ then it is the sum of four squares by the

classical theorem of Lagrange. However, the case where p does split, i.e. p �
71ðmod 8Þ; must be taken care of by other means. We proceed to do this with the
next few Lemmas.

Lemma 8. Suppose r is a prime of the ring Oð
ffiffiffi
2

p
Þ: Then there exists a unit l of Oð

ffiffiffi
2

p
Þ

and a quaternion q of K such that NðqÞ ¼ lr:

Proof. Suppose r lies over the rational prime p: We consider three cases depending

on how p factors in Oð
ffiffiffi
2

p
Þ:

If p is inert, then r and p differ only by a factor of a unit of Oð
ffiffiffi
2

p
Þ: By the classical

four squares theorem we can find rational integers a; b; c and d such that p ¼
a2 þ b2 þ c2 þ d2: Note that 1AK;

ffiffiffi
2

p
w2 
 w1 ¼ iAK;

ffiffiffi
2

p
w3 
 w1 ¼ jAK and
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Table 2

Some restricted elements of K with associates in O ð
ffiffiffi
2

p
Þ ½1; i; j;k


Quaternion q Norm Unit u qu

^ ^ ^ ^
w1 þ w4 3 w4 iþ jþ k

w1 þ
ffiffiffi
2

p
w3 5 w1 2þ j

w1 þ
ffiffiffi
2

p
w3 þ w4 9 w4 2iþ 2jþ k

w1 þ
ffiffiffi
2

p
w2 5 w1 2þ i

w1 þ
ffiffiffi
2

p
w2 þ w4 9 w4 2iþ jþ 2k

w1 þ
ffiffiffi
2

p
w2 þ

ffiffiffi
2

p
w3 11 w1 3þ iþ j

w1 þ
ffiffiffi
2

p
w2 þ

ffiffiffi
2

p
w3 þ w4 17 w4 3iþ 2jþ 2kffiffiffi

2
p
w1 þ w3 5 w3 1þ 2jffiffiffi

2
p
w1 þ w3 þ

ffiffiffi
2

p
w4 11 w3 1þ 3jþ kffiffiffi

2
p
w1 þ ð

ffiffiffi
2

p
þ 1Þw3 7 þ 4

ffiffiffi
2

p
w3 1þ ð

ffiffiffi
2

p
þ 2Þjffiffiffi

2
p
w1 þ ð

ffiffiffi
2

p
þ 1Þw3 þ

ffiffiffi
2

p
w4 13 þ 6

ffiffiffi
2

p
w3 1þ ð

ffiffiffi
2

p
þ 3Þjþ k

^ ^ ^ ^
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2w4 
 w1 
 i
 j ¼ kAK: Let q ¼ aw1 þ biþ cjþ dk: Then qAK; NðqÞ ¼ p and we

have already observed that p is a unit of Oð
ffiffiffi
2

p
Þ times r:

If p ramifies then p ¼ 2: We note that 2 þ
ffiffiffi
2

p
¼ Nðw1 þ w2Þ: Since r itself must

equal
ffiffiffi
2

p
times a unit of Oð

ffiffiffi
2

p
Þ; and 2 þ

ffiffiffi
2

p
¼

ffiffiffi
2

p
� ð1 þ

ffiffiffi
2

p
Þ it is clear that r times a

unit of Oð
ffiffiffi
2

p
Þ is the norm of w1 þ w2AK:

Suppose p splits. Then p � 71ðmod 8Þ and 7p ¼ r � r� where r� is the conjugate

of r with respect to Qð
ffiffiffi
2

p
Þ: Suppose further that jr � r�j49: Applying Lemma 2,

there exists a; b; g and d in Oð
ffiffiffi
2

p
Þ such that a2 þ b2 þ g2 þ d2 ¼ kr with jkk�jp9 and

kAOð
ffiffiffi
2

p
Þ: Let q ¼ aw1 þ biþ gjþ dk: Then qAK and NðqÞ ¼ a2 þ b2 þ g2 þ d2 ¼

kr: Also NðriÞ ¼ r2 and riAK:
Since K is a principal right ideal domain, the right ideal generated by ri and q is

also generated by a single element which we denote r: As right K ideals we have
ðrÞ ¼ ðri; qÞ: Thus there exists s; tAK such that r ¼ s � riþ t � q: Also there exists
v1; v2AK such that v1r ¼ ri and v2r ¼ q: Thus NðrÞ divides NðriÞ and NðqÞ in the

ring Oð
ffiffiffi
2

p
Þ: This implies that NðrÞ divides r2 and kr: Since Oð

ffiffiffi
2

p
Þ is a unique

factorization domain and a principal ideal domain, NðrÞ divides the greatest

common divisor of r2 and kr: But jkk�jp9ojrr�j and r is prime, so k is relatively
prime to r: Thus NðrÞ divides r which implies that NðrÞ is a unit or an associate of r:

Consider the equation r ¼ s � riþ t � q and take quaternion conjugates to find

%r ¼ r%i � %sþ %q � %t: Multiplying together we find

NðrÞ ¼ r%r ¼ r#sþ NðqÞNðtÞ ð3:8Þ

for some #sAK: Note that NðrÞ; NðqÞ; and NðtÞ are real numbers. This implies that #s

is real, and by Lemma 4 must be an element of Oð
ffiffiffi
2

p
Þ: Hence r divides NðrÞ in

Oð
ffiffiffi
2

p
Þ: Together with the previous result we conclude that NðrÞ must be an associate

of r; i.e. equal to r times a unit.

Suppose p splits and jr � r�jp9: The only case is p ¼ 7: We note that 3 þ
ffiffiffi
2

p
¼

Nðw2 þ
ffiffiffi
2

p
w3Þ and 3 


ffiffiffi
2

p
¼ Nðw2 


ffiffiffi
2

p
w3Þ: Since 7 ¼ ð3 þ

ffiffiffi
2

p
Þð3 


ffiffiffi
2

p
Þ any

Oð
ffiffiffi
2

p
Þ prime r of norm 7 is only a factor of a unit off from 3 þ

ffiffiffi
2

p
or 3 


ffiffiffi
2

p
:

This completes the proof. &

Lemma 9. Let r be a totally positive prime of the ring Oð
ffiffiffi
2

p
Þ lying over the rational

prime p. Suppose p is congruent to 1 modulo 8. Then r can be written as the sum of four

squares of algebraic integers from Oð
ffiffiffi
2

p
Þ:

Proof. Write r ¼ a þ b
ffiffiffi
2

p
where a; bAZ: Since r is totally positive

rr� ¼ 7p ) rr� ¼ þp: ð3:9Þ

So a2 
 2b2 ¼ p � 1ðmod 8Þ: All odd numbers squared are congruent to one modulo

8 while the squares of even numbers are congruent to zero or four. Since a2 
 2b2 is

congruent to one modulo 8 we must have a odd. That implies 2b2 � 0ðmod 8Þ which
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implies b2 � 0ðmod 4Þ so b must be even. Thus we find that r � a þ b
ffiffiffi
2

p
� 1ðmod 2Þ

in Oð
ffiffiffi
2

p
Þ:

By the previous Lemma there exists a quaternion qAK and a unit lAOð
ffiffiffi
2

p
Þ such

that NðqÞ ¼ lr: Considering the basis of K we may write q ¼ a1 þ biþ gjþ dk
where a; b; g; dA1

2Oð
ffiffiffi
2

p
Þ: Thus

lr ¼ NðqÞ ¼ a2 þ b2 þ g2 þ d240: ð3:10Þ

Taking conjugates with respect to Oð
ffiffiffi
2

p
Þ we find l�r� is also a sum of four squares

and strictly greater than zero. These last two relations imply that lr is totally
positive. Since r is totally positive we conclude that the unit l is totally positive. As a

unit, we may write l as 7ð1 þ
ffiffiffi
2

p
Þn; nAZ: From total positivity, the sign on l must

be positive, which then forces the exponent to be even, n ¼ 2m: So l ¼ ð3 þ 2
ffiffiffi
2

p
Þm:

It is now easy to see that NðqÞ simplifies to 1 modulo 2 in Oð
ffiffiffi
2

p
Þ: By Lemma 7

above, there exists a quaternion unit uAK of norm 1 such that quAOð
ffiffiffi
2

p
Þ½1; i; j; k
:

Write qu ¼ #a1 þ #biþ #gjþ #dk: We find

ð1 þ
ffiffiffi
2

p
Þ2mr ¼ NðqÞ ¼ NðquÞ ¼ ð#aÞ2 þ ð #bÞ2 þ ð#gÞ2 þ ð#dÞ2: ð3:11Þ

Dividing both sides by the unit square factor ð1 þ
ffiffiffi
2

p
Þ2m gives a representation of r

as the sum of four squares from Oð
ffiffiffi
2

p
Þ: &

Lemma 10. Let r; n be totally positive primes of the ring Oð
ffiffiffi
2

p
Þ lying over rational

primes p and q respectively. Suppose that each of p and q are congruent to 
1 modulo

8. Then the product rn can be written as the sum of four squares from Oð
ffiffiffi
2

p
Þ:

Proof. Write r ¼ a þ b
ffiffiffi
2

p
where a; bAZ: Since r is totally positive we find that

jrr�j ¼ p implies rr� ¼ þp: Thus a2 
 2b2 ¼ p � 
1ðmod 8Þ: For the above to hold,

a must be odd. Then a2 � 1ðmod 8Þ yields 
2b2 � 
2ðmod 8Þ: That implies b2 �
1ðmod 4Þ which tells us that b is also odd. We conclude that r � 1 þ

ffiffiffi
2

p
ðmod 2Þ in

Oð
ffiffiffi
2

p
Þ: Similarly n � 1 þ

ffiffiffi
2

p
ðmod 2Þ:

By Lemma 8 there exist units l1; l2AOð
ffiffiffi
2

p
Þ and quaternions q1; q2AK such that

l1r ¼ Nðq1Þ and l2n ¼ Nðq2Þ: Consider l1l2rn ¼ Nðq1q2Þ: Since l1l2rn is the norm
of an element of K; it can be written as the sum of four squares of elements from

Qð
ffiffiffi
2

p
Þ and is thus greater than zero. Taking conjugates with respect to Qð

ffiffiffi
2

p
Þ we

find that ðl1l2rnÞ� is also the sum of four squares of elements from Qð
ffiffiffi
2

p
Þ and is

also greater than zero. Hence l1l2rn is totally positive. Since r and n are totally

positive, we find that l1l2 is a totally positive unit of Oð
ffiffiffi
2

p
Þ: This implies that

l1l2 ¼ ð1 þ
ffiffiffi
2

p
Þ2m for some mAZ: A short computation shows that Nðq1q2Þ reduces

to 1 modulo 2 in Oð
ffiffiffi
2

p
Þ: Hence by Lemma 7 there exists a quaternion unit uAK of

norm 1 such that q1q2uAOð
ffiffiffi
2

p
Þ½1; i; j; k
: Write q1q2u as aþ biþ gjþ dk with a; b; g
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and d in Oð
ffiffiffi
2

p
Þ: Then

l1l2rn ¼ Nðq1q2Þ ¼ Nðq1q2uÞ

) ð1 þ
ffiffiffi
2

p
Þ2mrn ¼ a2 þ b2 þ g2 þ d2: ð3:12Þ

Dividing both sides by the square unit ð1 þ
ffiffiffi
2

p
Þ2m we find that rn is the sum of four

squares from the ring Oð
ffiffiffi
2

p
Þ: &

4. Cohn’s theorem on sums of four squares

Theorem 11. Every totally positive algebraic integer in Oð
ffiffiffi
2

p
Þ with even coefficient on

the radical term is the sum of four squares from Oð
ffiffiffi
2

p
Þ:

Proof. Let aAOð
ffiffiffi
2

p
Þ be as in the statement of the theorem. Then a ¼ a þ 2b

ffiffiffi
2

p
:

Taking this modulo 2 we find a is congruent to 0 or 1 modulo 2 in Oð
ffiffiffi
2

p
Þ: By unique

factorization we may write a as a unit times a product of primes, and with no loss of
generality we may choose the primes to be totally positive. Thus

a ¼ m � ð2 þ
ffiffiffi
2

p
Þh � p1p2?pk � g1g2?gm � b1b2?bn; ð4:1Þ

where m is a unit, 2 þ
ffiffiffi
2

p
¼

ffiffiffi
2

p
ð1 þ

ffiffiffi
2

p
Þ is a totally positive associate of

ffiffiffi
2

p
; the p’s

are nonsplitting primes of Z; the g’s are primes lying over rational primes congruent
to 1 modulo 8, and the b’s are primes lying over rational primes congruent to 
1
modulo 8. We already know that the p’s and the g’s can each be written as the sum of

four squares from Oð
ffiffiffi
2

p
Þ:

Since a and the primes in (4.1) are totally positive, m must be totally positive also.

Hence m ¼ ð1 þ
ffiffiffi
2

p
Þ2t for some tAZ: Taking (4.1) modulo 2

a �ð3 þ 2
ffiffiffi
2

p
Þt � ð2 þ

ffiffiffi
2

p
Þh � p1?pk � g1?gm � b1?bnðmod 2Þ;

�
ffiffiffi
2

p hð1 þ
ffiffiffi
2

p
Þn;

�f0 or 1g ðmod 2Þ: ð4:2Þ

The congruences for the g’s and the b’s were established in the proofs of the lemmas
on representation by four squares in the previous section. There are three cases to
consider, depending on the value of h:

If h is zero, then n must be even. Thus the b’s can be paired up. The product of any
pair of b’s is the sum of four squares by Lemma 10. Since m is a square, by the
identity expressing the product of two sums of four squares as again a sum of four

squares, we find that a can be written as a sum of four squares from Oð
ffiffiffi
2

p
Þ:
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If h is one and n is even then (4.2) reduces to the claim that 0 or 1 must be

congruent to
ffiffiffi
2

p
� 1 modulo 2. If n is odd, (4.2) reduces to

ffiffiffi
2

p
ð1 þ

ffiffiffi
2

p
Þ �

ffiffiffi
2

p
ðmod2Þ

being congruent to 0 or 1. In either case this is impossible.
If hX2 then

a ¼ m � 2ð3 þ 2
ffiffiffi
2

p
Þ � ð2 þ

ffiffiffi
2

p
Þh
2 � p1?pk � g1?gm � b1?bn: ð4:3Þ

We previously showed that for each totally positive prime b lying over

a rational prime congruent to 
1 modulo 8 that there exists a unit lAOð
ffiffiffi
2

p
Þ

and a quaternion qAK such that lb ¼ NðqÞ: By the usual reasoning, l is

totally positive and thus must equal ð1 þ
ffiffiffi
2

p
Þ2d for some dAZ: This gives

b ¼ Nðð1 þ
ffiffiffi
2

p
Þ
d

qÞ: Since 1 þ
ffiffiffi
2

p
is a unit in Oð

ffiffiffi
2

p
Þ we find that b is the norm

of some element of K:
By the norm multiplication property there exists rAK for which b1b2?bn ¼ NðrÞ:

Also ð2 þ
ffiffiffi
2

p
Þh
2 ¼ Nððw1 þ w2Þh
2Þ; and mð3 þ 2

ffiffiffi
2

p
Þ ¼ ð1 þ

ffiffiffi
2

p
Þ2tþ2: Thus

m � ð3 þ 2
ffiffiffi
2

p
Þ � ð2 þ

ffiffiffi
2

p
Þh
2 � b1?bn ¼ Nðð1 þ

ffiffiffi
2

p
Þtþ1ðw1 þ w2Þh
2

rÞ: ð4:4Þ

Let s be the expression inside the norm symbol of (4.4). It is clear that sAK: By

Lemma 6 there exists a quaternion unit uAK of norm 1 such that
ffiffiffi
2

p
su is an element

of Oð
ffiffiffi
2

p
Þ½1; i; j; k
: Write

ffiffiffi
2

p
su as y11 þ y2iþ y3jþ y4k where y1;y; y4 are elements

of Oð
ffiffiffi
2

p
Þ: Then

m � 2ð3 þ 2
ffiffiffi
2

p
Þ � ð2 þ

ffiffiffi
2

p
Þh
2 � b1?bn � 1

¼ Nð
ffiffiffi
2

p
� s � uÞ

¼ y2
1 þ y2

2 þ y2
3 þ y2

4 ð4:5Þ

is the sum of four squares of Oð
ffiffiffi
2

p
Þ: Since p1?pk � g1?gm is the sum of four squares

of Oð
ffiffiffi
2

p
Þ; the product, a; is also the sum of four such squares. This proves the

theorem of Cohn. &

5. The Icosians

A similar approach can be used to obtain an alternate proof of Götzky’s four

squares theorem for Qð
ffiffiffi
5

p
Þ: Only an overview will be given as the demonstration is

close in style to that of Cohn’s four squares theorem. The corresponding ring is

called the ring of icosians, denoted I: We let Oð
ffiffiffi
5

p
Þ denote the integers in Qð

ffiffiffi
5

p
Þ and

t ¼ ð1 þ
ffiffiffi
5

p
Þ=2 the fundamental unit. Then I can be thought of as the Oð

ffiffiffi
5

p
Þ module
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with generators

e1 ¼ 1
2
ð1 þ t
1iþ tjÞ; e2 ¼ 1

2
ðt
1iþ jþ tkÞ;

e3 ¼ 1
2
ðtiþ t
1jþ kÞ; e4 ¼ 1

2
ðiþ tjþ t
1kÞ ð5:1Þ

as in Vignéras [11]. While there are 120 units of norm one in I we need only a small
portion of these for our results.

Lemma 12. The following are units in I of norm 1:

1; e1; e2; e3; e4; te3 
 e2; te4 
 e3; te2 
 e4;


 e1 þ t�e2 þ t�e3 þ ð1 þ tÞe4;
e1 þ t�e2 þ e3 þ e4;


 e1 
 te2 þ e3 þ e4;
e1 
 te2 þ e3 þ te4;
te1 
 e2 þ ð1 þ tÞe4;


 e1 
 te2 þ te4;
te1 
 e2 þ te4: ð5:2Þ

Lemma 13. I-R ¼ Oð
ffiffiffi
5

p
Þ:

Lemma 14. For all aAI the quaternionic norm NðaÞAOð
ffiffiffi
5

p
Þ:

Lemma 15. For all qAI there exist quaternion units u1; u2AI of norm 1 such that u1qu2
has Oð

ffiffiffi
5

p
Þ–integer coefficients, i.e. u1qu2AOð

ffiffiffi
5

p
Þ½1; i; j; k
:

Proof. Let q ¼ a1e1 þ a2e2 þ a3e3 þ a4e4; where a1;y; a4AOð
ffiffiffi
5

p
Þ: Write

q ¼ 2ðg1e1 þ g2e2 þ g3e3 þ g4e4Þ þ ðd1e1 þ d2e2 þ d3e3 þ d4e4Þ; ð5:3Þ

where g1;y; g4AOð
ffiffiffi
5

p
Þ and d1;y; d4AOð

ffiffiffi
5

p
Þ=ð2Þ: Note that a full set of residues of

Oð
ffiffiffi
5

p
Þ modulo 2 can be chosen as f0; 1; t; t�g: Computation shows that for all

possible values of d1;y; d4 there exists quaternion units u1; u2 in (5.2) such that

u1ðd1e1 þ?þ d4e4Þu2 is an element of Oð
ffiffiffi
5

p
Þ½1; i; j; k
: The proof continues in an

analogous fashion to Lemma 6. &

Lemma 16. Suppose r is a prime of the ring Oð
ffiffiffi
5

p
Þ: Then there exists a unit l of

Oð
ffiffiffi
5

p
Þ and a quaternion q of I such that NðqÞ ¼ lr:

Proof. The proof is completely analogous to that of Lemma 8. One small difference
is in the case where r lies over the rational prime p which splits. In this case, by

geometry of numbers there exists a; b; g and d in Oð
ffiffiffi
5

p
Þ such that a2 þ b2 þ g2 þ
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d2 ¼ kr with jkk�jp8 and kAOð
ffiffiffi
5

p
Þ: The proof then continues in the same fashion

as in Lemma 8. &

Lemma 17. Let r be a totally positive prime of the ring Oð
ffiffiffi
5

p
Þ lying over the rational

prime p: Then r can be written as the sum of four squares of algebraic integers from

Oð
ffiffiffi
5

p
Þ:

Proof. By Lemma 16 there exists a quaternion qAI and a unit lAOð
ffiffiffi
5

p
Þ such that

NðqÞ ¼ lr: We may write q as a1 þ biþ gjþ dk; where a; b; g and d are in Qð
ffiffiffi
5

p
Þ:

Thus

lr ¼ NðqÞ ¼ a2 þ b2 þ g2 þ d240: ð5:4Þ

Taking conjugates with respect to Qð
ffiffiffi
5

p
Þ we find l�r� is also a sum of squares and

greater than zero. Thus lr is totally positive from which it follows that l itself is
totally positive. Note that l ¼ 7tn for some rational integer n: Together this implies

that l ¼ tn and n is even. We can therefore write NðqÞ ¼ t2mr for some mAZ:
By Lemma 15 there exist quaternion units of norm one, u1; u2; such that

u1qu2AOð
ffiffiffi
5

p
Þ½1; i; j; k
: Write

u1qu2 ¼ #a 1 þ #b iþ #g jþ #d k; #a; #b; #g; #d;AOð
ffiffiffi
5

p
Þ: ð5:5Þ

Then

t2mr ¼ NðqÞ ¼ Nðu1qu2Þ ¼ ð#aÞ2 þ ð #bÞ2 þ ð#gÞ2 þ ð#dÞ2: ð5:6Þ

Dividing by t2m gives the desired representation of r: &

Theorem 18. Every totally positive algebraic integer in Oð
ffiffiffi
5

p
Þ is the sum of four

squares from Oð
ffiffiffi
5

p
Þ:

Proof. This follows as in Deutsch [5]. &

6. Further directions

It appears plausible that the technique of combining geometry of numbers bounds
with special rings of quaternions can lead to more results of similar type. Due to a
result of Siegel [10] sums of squares are not universal for any totally real number

fields besides the rational integers and the integers in Qð
ffiffiffi
5

p
Þ: Restricting to cases

analogous to Cohn’s four squares theorem does not improve matters. Assuming the
discriminant of the quadratic field is divisible by four and totally positive integers
under consideration have even irrational coefficients, numerical computations imply
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that only in Qð
ffiffiffi
2

p
Þ and Qð

ffiffiffi
3

p
Þ are the sum of four squares universal for this limited

class of integers.
It would be interesting to formulate a condition in general number fields which

insures that a totally positive integer satisfying such condition is the sum of four
integer squares. Such general results would most likely require much deeper
techniques than those used in this paper.

7. The computation

The computations utilized the PUNIMAX variant of MAXIMA on a Pentium
133 chip personal computer with 32 megabytes of RAM. The operating system was
LINUX 2.0.35. The running time to perform the computations relevant to Lemmas 6
and 7 totaled 8 min and 24 s: Two SNOBOL4 programs were written to transform
the MAXIMA output into TEX readable form for Tables 1 and 2. The computation
for Lemma 15 required 85:58 min: A table for the products of pairs of basis elements
w1;y;w4 was created. Using this, the entries appearing in Tables 1 and 2 were
checked by manual calculation.
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