SOME IDEAS FOR 4400 FINAL PROJECTS

1. Project parameters
You can work in groups of size 1 to 3. Your final project should be a paper
of 6 to 10 double spaced pages in length. Ideally it should touch on some
elements of exposition, history and also mathematics (theorems and proofs).
It need not (and probably will not) contain any new mathematics, but it
will not be a good project if the mathematics – including its presentation –
is taken from any one source.
2. Some project ideas
2.1. Schuh’s Divisor Game. Report on the history of this game, and
write a computer program that plays it better than you (or I) do.
Comment: This was done by a student in the 2009 course, and I still have
the program. It’s fun!
2.2. Nonunique factorization in the ring R[cos θ, sin θ] of trigonometric polynomials. See [Tr88], [Cl09], [FID].
2.3. Mordell’s proof of Holzer’s theorem on minimal solutions to
Legendre’s equation. See [Mo69], [CM98], [Nu10].
2.4. Find all integers of the form x2 + 5y 2 . This is significantly harder
than the cases we looked at in class!
2.5. Study of isotropic binary quadratic forms: ax2 + bxy. A quadratic form f (x1 , . . . , xn ) is isotropic if there is a nonzero (x1 , . . . , xn ) ∈ Zn
such that f (x1 , . . . , xn ) = 0. A binary quadratic form f (x, y) = Ax2 +Bxy+
Cy 2 is isotropic iff ∆ := B 2 − 4AC is a perfect square. If so, after a change
of variables, f can be brought into the form Ax2 + Bxy. For instance, the
form f (x, y) = x2 − y 2 is isotropic, and after a change of variables it can
be brought into the form x2 + 2xy = x(x + 2y). Notice that this makes it
a little easier to show that the form represents precisely those integers that
are not exactly divisible by 2.
For some reason, most of the modern theory of binary quadratic forms
excludes the isotropic case. Paul Pollack and I have recently explored it,
and it is nontrivial and interesting and also somewhat easier than the other
cases. For instance, one can determine all integers represented by 2x2 + 5xy
using only elementary congruence arguments, and one can show that for the
form x2 + 5xy, congruence arguments are not sufficient: there are integers n
such that x2 + 5xy represents n modulo N for all N but does not represent
n over Z.

2.6. Discuss the history of quadratic reciprocity. See [Cx], [W], [Lem]
2.7. Zolotarev’s proof of quadratic reciprocity using signs of permutations. . This is described in the course text...but not very well. The
paper on which the discussion in the text is based is [BC12]. But this makes
things much more algebraically fancy than necessary. The source I found
easiest to understand is [Ba13].
2.8. Discuss the complexity of any/all of the following algorithms:
mod p powering algorithm, the Euclidean algorithm, the Jacobi
symbol algorithm. See [Co].
2.9. Investigate algorithms for reprsenting an integer as a sum of
squares. We have determined exactly which integers are sums of 2 squares.
Later in the course we will prove which integers are sums of four squares
(Lagrange’s theorem) and state without proof which integers are sums of
three squares (Legendre-Gauss Theorem). But these methods do not give
efficient algorithms for actually finding such a representation. E.g. if p ≡ 1
(mod 4) is a large prime, we know there are x, y ∈ Z such that p = x2 +
y 2 ...but how to find them? There is an obvious trivial and error approach:
compute p − 12 , p − 22 , . . . until we get a perfect square. But this is very
slow. Find out how to do better! See [Co], [PT18].
2.10. Primes of the form x2 −Dy 2 : an elementary approach. I worked
out an aggressively elementary approach that works to find primes represented by these forms for certain further values of D: it is based on a lemma
of Thue-Vinogradov, whose proof uses the pigeonhole principle. See [Cl-TV].
2.11. The linear Diophantine problem of Frobenius. This is the following problem, which we’ve seen before: let a1 , . . . , an be coprime positive
integers, let N be a positive integer and let
r(a1 , . . . , an ; N ) = #{(x1 , . . . , xn ) ∈ Nn | a1 x1 + . . . an xn = N }.
Study this function. In particular, determine when it is positive. This is
a rich problem on which hundreds of people (including me) have written
papers. It is a nice problem because (i) it is difficult or impossible to solve
in general but (ii) not so hard to prove something about. See [Al], [AC05].
2.12. Solution of systems of linear Diophantine equations. We discussed methods leading to a complete solution of any single linear Diophantine equation
a1 x1 + . . . + an xn = N.
It is also natural to study systems of Diophantine equations: i.e., simultaneous solutions to a set of polynomial equations:
P1 (x1 , . . . , xn ) = . . . = Pr (x1 , . . . , xn ) = 0.
Discuss the (simplest) case in which each polynomial Pi is linear. (To solve
the problem you will need to combine elementary number theory with some
linear algebra, so you should only consider this project if you know and
enjoy linear algebra.) Try to come up with “natural problems” that lead

one to solve a system of linear Diophantine equations. One famous example
is Part I of the Cattle Problem of Archimedes.
2.13. Survey of numbers known to be irrational and/or transcendental.
2.14. FLT(4) and elliptic curves. Fermat’s proof of Fermat’s Last Theorem for n = 4 is a bit mysterious, but it can be recast as an argument
involving the elliptic curve y 2 = x4 − 1. Explain this. [Kn], [W].
2.15. Hasse norms versus Euclidean norms on quadratic rings. We
defined a Euclidean norm N : R → N on a domain R and observed that the
existence of such a norm implies that R is a PID. However the converse is
not true.
√
a) (Motzkin) Show that R−19 := Z[ 1+ 2−19 ] is a PID that does not admit a
Euclidean norm.
b) There is another type of multiplicative norm, a Hasse norm N : R → N,
which still implies that R is a PID and for which the converse is true. Show
that our standard norm
√
N (x + y −19) = x2 + 19y 2
is a Hasse norm on R−19 .
√
c) The complete list of imaginary quadratic fields K = Q( D) for which
the ring RD of algebraic integers of K is a PID is
D ∈ {−1, −2, −3, −7, −11, −19, −43, −67, −163}.
It is known that the standard norm is Euclidean iff |D| < 19, whereas
for D = −19 the standard norm is a Hasse norm. What about D =
−43, −67, −163: are the standard norms Hasse norms?1 [Ca88], [Cl18].
2.16. The negative Pell equation x2 − Dy 2 = −1. Investigate conditions
on its solvability and relate it to continued fractions.
2.17. Erudite proofs of the infinitude of primes.
a) Try to adapt Euclid’s proof to some other rings R. It works especially
nicely in the ring k[t] of polynomials in one variable over a field.
b) Fill in the details of Larry Washington’s proof, as discussed briefly in the
course text.
c) Say something about Furstenberg’s topological proof. See e.g. [Cl17].
Note that Furstenberg was 20 years old when his article was published in
the Monthly, so it was probably written while he was a teenager.
1In the 2009 version of this project, there was a footnote saying that I didn’t know the

answer and also didn’t know whether it was a true open problem. I do know the answer
now! It appears in [Cl18].

2.18. Report on Green-Tao and recent updates. In 2004, Ben Green
and Terry Tao proved an instantly classical result: there are arbitrarily long
arithmetic progressions in the primes. A result like this deserves a first class
PR team: it is easy enough to understand that every educated adult should
be exposed to it. Lend a hand in this regard:
a) Write a three to five sentence summary of the Green-Tao Theorem that
any literate adult can read, understand and have a non-negative response
to.
b) Write a one to two page article, suitable for publication in a newspaper,
with the following title: “Where are they now: arithmetic progressions 14
years after Green-Tao.” (Once you write what would be reasonable article
with that title, you can change the title!)
c) Write a five page paper describing Green-Tao and recent updates, at
whatever level pleases you (but be explicit about your intended audience).
Deifnitely state actual theorems and conjectures. Try to work in a few
simple proofs, e.g. explaining why one result or conjecture implies another.
Of course it is out of the question to give complete proofs of any of the real
results in this area in this amount of space.
2.19. The phenomenon of almost square root error. Read the first
two sections of [Ma08]. Don’t expect to understand it all; concentrate on the
parts you find interesting. Find another number theoretic problem where
there is an “expected answer,” and as Barry does in his article, do some
computations and examine the error terms.
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