ON SOME ELEMENTARY INVARIANTS OF FIELDS

PETE L. CLARK

1. Field Invariants

In this chapter we wish to review a number of classical propeies and invariants
of elds, and to discuss their elementary (or non-elementay) nature. Actually, we
wish to distinguish between two notions of elementary propeies of elds. The
rst, and weaker notion, is that of a property P of elds (in the usual, wide sense
of non-formalized mathematics) such that whenever a eldF has the property P,
so does any other eldF°which is elementarily equivalent to F. The second, and
stronger notion, is that of a proprerty P of elds which can be given by a sentence

in the language of rings. We call the rst property simply elementary, or an
elementary invariant, and the second property nitely axiomatizable. By way of
explanation, observe that if P is an elementary property, then it can be axiomatized
{ it is equivalent to a possibly in nite union of rst-order s entences {indeed the
de nition of an elementary property ensures that the colledion of sentences true
in every eld having property P is well-de ned, and this is the axiomatization. If
the axioms are themselves equivalent to a nite list, they are equivalent to a single
sentence { this justi es our terminology.

It is very much in the spririt of the talks presented at the Win ter School to distin-
guish between elementary properties and nitely axiomatizable properties. Indeed,
a property is elementary if and only if it is preserved by pasage to ultrapowers
whereas a property is nitely axiomatizable if and only if it is preserved by passage
to ultra products We will see many examples (some very familiar) of elementgr
properties that are not nitely axiomatizable below.

A word about the \geometric interpretation of elementary equivalence": as noted
by Pop, the condition that two elds F;; F, are elementarily equivalent can be
viewed as a sort correspondence between Diophantine probfes over one eld and
Diophantine problems over the other. But we should be careflu this is not literally
true in the sense Pop presented in his lecture notes.By de nition, two elds are
elementarily equivalent if for all sentences (i.e., no free variables) in the language
of elds, holds in one eld if and only if it holds in the other. The point is
that, since the sentences will have quanti ers (and no free variables!), there is
no corresponding geometric objectS existing as a subset ofZ". Moreover, it is
certainly not enough to check that for every constructiblé subsetS Z", S(F1)
is nonempty if and only if S(F;) is nonempty; we need quanti ers. For example,

1some discussion of this point took place at Professor McCall um's dining room table.
2In the Zariski topology; recall that a constructible subset  of a topological space is a nite
union of locally closed subspaces, or equivalently is an ele ment of the Boolean algebra generated
by the closed subsets
1
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take F; = C and F, = C(t). Then any nite-type Z-scheme will have points over
F1 if and only if its bre over Spec(Q) { a Q-algebraic set { is nonempty, and this
is exactly the same condition for it to have points overF,. On the other hand, the
sentence \For all b;c2 F, there existsx 2 F such that x?> + bx+ ¢ = 0" is true in
F1 but not in F, (take b=0; c= t) { note the use of quanti cation.

Remark: It is still true that every nite-type Z-schemeS gives rise to a \Boolean-
valued" elementary invariant of F, according to whether S(F) is empty or not.
We refer to these invariants asabsolute invariants As above, whenF contains an
algebraically closed eld, we get no information from the alsolute invariants, but
otherwise (e.g. whenF is nitely generated) we do get some information; some par-
ticular examples of this will be discussed later, includingan example of two nitely
generated elds which arenot distinguished by any of their absolute invariants.

1.1. Finitude, characteristic, algebraic closure. Invariant O: Finiteness/In nitude
of F.

Because of the sentence \There exist 1 +:: + 1 (g times) distinct elements of
F and there do not exist 1 +:::+ 1 (gq+ 1 times) distinct elements," having g
elements is a nitely axiomatizable property of a eld. It fo llows that niteness
is an elementary property, being the in nite union of these sntences over allg.
On the other hand, niteness itself is not nitely axiomatiz able, as we can see by
considering the pseudo nite eld associated to a nonprincpal ultralter D on the
prime numbers. v

Fi1 (D)= Fp=D:

(If niteness were nitely axiomatizable, then F; (D) would be nite, but then
it would be nite of some given cardinality p, which it isn't, because at most one
of its factors has this property.)

Of course, the above argument is quite general: if ; is an in nite collection of
sentences with the property that for all i thswe exists a structure M; satisfying
and the negation of ; for all j 6 i, then i is not nitely axiomatizable by
consideration of the ultraproduct M;=D.3

Let us make one more comment before moving on to more intereisty examples.
First of all, our Invariant O has classi ed nite elds up toi somorphism as well as
elementary equivalence { the complete theory of a nite eld has a unique model.
It is worth remarking that the analogous statement is false fbr any in nite eld,
and not just for cardinality reasons:

Proposition 1.  The complete theory of any in nite eld has at least two countable
models.

Reminder of proof: One knows that in a complete theory with a wnique countable
model (an \! -categorical theory"), the algebraic closure of any nite set is nite,

3This formulation makes especially clear that one use of ultr aproducts is to hide appeals to
the compactness theorem.
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and indeed uniformly bounded: there exists a functionf : Z* ! Z* such that the
algebraic closure of ann-element set has at mostf (n) elements [Marker, p. ??7].
Applying this to an ! -categorical eld, we see that there existsN = N (F) such
that forall 2 F, the sub eld generated by has size at mostN . But this means
that F n (F), so that F has at mostN elements.

Using a little more model theory, this result can be improvedas follows.
Proposition 2. Any in nite eld has in nitely many countable models.

A proof of this result was supplied at the author's request byN. Ackerman; we give
his argument in the appendix.

Remark: The number of countable models of any theory over a amtable lan-
guage is at most 2, so that the number of countable modelsl (T (F); @) of any
innite eld F satises

@ I(TF)r@) 22
These inequalities are sharp: e.g. the lower bound is attaied by an algebraically
closed eld and the upper bound by a real-closed eld. (We arenot su ciently set-
theoretically inclined to pursue here the question of whetler, assuming the falsity

of the continuum hypothesis, | (T (F); @) can take on a cardinality strictly between
@ and 2@ except to say: probably not.)

Note that the elementary equivalence class of the pseudone eld F; (D) de-
pends on the choice of the ultralter D! (We see again the basic di erence between
ultraproducts and ultrapowers { it follows immediately fro m Los' theorem that all
ultrapowers of a structure are elementarily equivalent to the structure.) For in-
stance, consider the sentence

\There exists x 2 F such that x2+1=0:"

This is true in the eld F, i p =2 or pis one modulo 4 { i.e., on an in nite,
coin nite subset of P, the set of prime numbers. Indeed, inside the Stone-Cech
compacti cation of P both the collection of D's for which this statement is true in
F1 (D) and the the set of D's for which it's false, are nonempty open subsets.

Exercise: AsD varies through the 2% elements of SC(P), how many elemen-
tarily inequivalent elds F; (D) arise?

Invariant 1: The characteristic.

The discussion is exactly as above: having a given positiveharacteristic pis nitely
axiomatizable, so having positive characteristic and haung characteristic zero are
both elementary, but neither of these are nitely axiomatizable, as the example
F1 (D) makes clear.

Remark about absolute invariants: Letp 0 be a prime ideal of Spe&, and
let S, = SpecF, SpecZ be the subscheme given by the ideap (so Fo = Q.)
Then Sy(F) is the set of F-algebra homomorphisms fromF, 7 F to F; this is
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the empty set unlessF has characteristicp. Thus the characteristic of a eld is an
absolute invariant, and, knowing the characteristic, we can reduce the study of all
absolute invariants to the the study of nite-type schemes over the prime sub eld
of F.

Invariant 2: Whether F is algebraically closed.

Again, being algebraically closed is elementary but the obiwus axiom scheme can-

not be made nite. For instance, this can be seen as follows:dr each primep, let
be a perfect eld whose absolute Galois group is a nontriviapro-p-group. Then
Fp=D is algebraically closed"

Coming back to the question of classi cation up to elementay equivalence versus
classi cation up to isomorphism, recall that algebraically closed elds are classi ed
up to isomorphism by their characteristic and their absolute transcendence degree.
In particular, ACF is uncountably categorical, so by Vaught's test it is complée.
(Of course, the \better" proof is to deduce the completenesdrom quanti er elimi-
nation!) Thus we have found enough invariants to classify ajebraically closed elds
up to equivalence, and again the relation between equivalese and isomorphism is
quite easy { the extra invariant needed is the transcendencelegree.

1.2. Pseudoalgebraic closure. Invariant 3: Whether F is PAC.

Recall that a eld F is said to be pseudo-algebraically closed (PAC) if every ab-
solutely irreducible variety V=F has an F -rational point. This is an elementary
invariant: to see this easily, we use the result of Frey-Geye([?]), which says that
it su ces to check that every absolutely irreducible plane curve C=F has anF-
rational point. The point is that it is elementary to say whet her a plane curve of
degreed is irreducible, and if it has degreed then geometrically it can break up
into at most d components, so that if it is absolutely reducible, it becoms so after
a degreed eld extension. We will see later on that nite eld extensio ns can be
interpreted in F; the conclusion is that \Every absolutely irreducible degreed plane
curve has anF -rational point" is given by a sentence in the language of rirgs. As
usual, the PAC property, being the union overd of all these sentences, is not nitely
axiomatizable, and again the pseudo nite eld F; (D) gives the counterexample:
no nite eld is PAC (it is very easy to construct a hyperellip tic curve over a nite
eld without rational points), but the Riemann hypothesis f or curves over nite
eldsd implies that for xed d, absolutely irreducible plane curves of degree have
rational points whenever the cardinality of F is su ciently large.

I'm certainly no expert on the matter, but my impression is th at while much is
known about PAC elds ([ ?]), there are too many of them to classify even up to
elementary equivalence: for each projective pro nite grop G, there is a PAC eld
F with Galois group Gk = G. Morever, there will be many di erent PAC elds
with Galois group G { indeed, in the (simplest!) caseG = Z, we already saw that
there are in nitely many PAC elds F; (D) with this Galois group.

4AIthough we shall not mention it again in these notes, itisim  portant that the obvious axiom
scheme for algebraically closed elds, although innite, i s recursive, an important point for the
decidability of the theory ACF j, of algebraically closed elds of characteristic p.
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1.3. The Hilbert property. Invariant 4: Whether F is Hilbertian.

The property which from the perspective of [?] is somehow dual to PAC, namely,
Hilbertianity of F, is also elementary. To see this, we use the geometric chanaci-
zation in terms of thin sets from [?]. Namely F is not Hilbertian if F = AY(F) can
be written as a nite union F = S;[ :::[ S, whereS; = (Ci(F)), ;:C! Al
is a morphism of degree at least 2 from an irreducible a ne cuwe.

Some examples of non/Hilbertian elds: A nite eld is not Hi Ibertian; nor is
an algebriacally closed eld. Any eld for which there exists n such that the set of
nth power classed= =F " is nite is not Hilbertian { so no locally compact eld is
Hilbertian. A fundamental property of a Hilbertian eld ist hat any nite group G
arising as a Galois group of- (T) also arises as a Galois group of in nitely many dis-
joint eld extensions K;=F. Since it is conjectured that for any eld F, every nite
group arises as a Galois group of (T), it is also conjectured that every nite group
arises in nitely many times as a Galois group over every Hilertian eld. ®> A num-
ber eld is Hilbertian (Hilbert's theorem!); for any eld F, F(T) and F((T1;T>))
are Hilbertian; and nitely generated extensions of Hilbertian elds are Hilbertian
[?]. In particular, all absolutely nitely generated elds of characteristic zero and
all in nite nitely generated elds of characteristic p are Hilbertian. We mention
in passing a surprising connection between the seemingly &thetical properties of
Hilbertianity and pseudo-algebraic closure: with probabiity 1, the xed eld of the
subgroup generated byn randomly chosen elements of the absolute Galois group
of a Hilbertian eld is PAC [ ?]. In terms of our attempt to classify elds up to
elementary equivalence, the Hilbert property gives us onlythe following (rather
weak) conclusion:

Fact: If F  F(T), then F is Hilbertian.

1.4. The C; property. One says that a eld K has the property C;(d) if every

homogeneous form of degree in more than d' variables has a (not identically zero)

solution. This is visibly nitely axiomatizable. So the pro perty C;, which is by de-

nition C;(d) for all d, is clearly elementary. This is a key property in the context

of elementary equivalence of function elds, so let us reviee some examples and
facts:

Fact: A eldis Cy if and only if it is algebraically closed.

Fact (Chevalley-Warning): A nite eld is C;j.

Fact (Lang): A complete local eld with algebraically closed residue eld is C;.
Fact: If F is Ci, F((t)) is Ci+1 .

Fact (Tsen-Lang): If F is C; and K=F has transcendence degree, then K is Cj. ,,.
Fact (CITE!): If F isnotC; 1, F(T) is not C;.

50ne knows at least that every nite solvable group arises ove r F (T); for similar partial results,
see .
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This last fact shows that the transcendence degree of a nityy generated func-
tion eld over an algebraically closed eld is an elementary invariant. We will give
another proof of this using Brauer groups.

Example: The property C, is not nitely axiomatizable, as the theorem of Ax-
Kochen shows: there is a nonprincipal ultra Iter D on P such that
Y Y

Qp=D = Fo((1))=D:

For all d and p each eld Fy((t)) is Cx(d), so the right hand side isC,(d) for all d,
henceC,. Terjanian showed that no Q, is C,, so if C, were given by a sentence,
the left hand side would not be C,, contradiction.

Exercise: Show that for alli > 0, C; is not nitely axiomatizable.

1.5. Finite-dimensional  F-algebras. We now wish to explore a constellation of
elementary invariants arising from interpreting nite-di mensional algebras inF.

Recall that we say an algebraic structure isinterpretable in F if we can realize the
set as a de nable (with constants!) subset ofF" for somen in such a way that the

functions, relations, etc. on the structure are also de nalde with respect to F.

In particular, any nite dimensional F-algebra A can be interpreted in F; if it
has dimensionn we needn?® \structure constants" for A to de ne the multiplica-
tion map: let A= Fv; :::Fv, and put
( avi) ( Bv):= « i jabc v:
The following properties of a nite-dimensional algebra A are nitely axiomatiz-
able:
a) A has a unit.
b) A is associative.
c) A is commutative.
d) The center of A is Fvy = F1.
e) A is a division algebra.
f) A is isomorphic to the matrix algebra M, (F).
g) Aute aqg(A) is a (particular!) nite group G.

All of these are clearly elementary statements, except podsly for the last: if we
can interpret A we can interpret Endr (A) = Ma.rj(A), the algebra of F-vector
space endomorphisms oA. We can then write down the conditions for an element

2 Endg (A) to preserve the algebra structure and to be invertible, so i we have
nitely many of them we can explicitly write down that under ¢ omposition they
form a group isomorphic to some given groupG.

Absolute algebraic invariants: Since the notion of interpretation allows constants,
the class of nite-dimensional algebras that we can speak oindividually is that
class which arises by base change from the algebraic closuné the prime sub eld
(because, being nite-dimensional, they must therefore aise by basechange from a
nite eld extension of the prime sub eld). For example, we ¢ an speak individually
of the nite eld extensions of the prime sub eld of F, and from this we deduce
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that the asbsolute subeld F = f\ F is an elementary invariant. This is an
example of one of our absolute invariants.

We can't speak of other F-algebras individually, but by quantifying over them
we can make many statements about the non/existence of nitedimensional F -
algebras satisfying certain properties.

Galois groups: For instance, the above work shows that for ap nite group G,
the statement \There exists a nite Galois extension of F with Galois group G"
can be given by a sentence in the language of elds. With just dittle more work us-
ing properties of tensor products of eld extensions (exerise!), one can say \There

Because of this, we can attach to the elementary equivalencelass of a eld F the
data of a multiplicity function

where G is the set of isomorphism classes of nite groups { to each nie group G,
me (G) is the number of Galois extensions of with Galois group G, or 1 if there
are in nitely many.

A good question to ask at this point is: can we extract further elementary in-
formation from Gg besides the multiplicity function mg? The answer depends
upon \the size" of Gg. Recall that a pro nite group G is said to be small if it
only has nitely many subgroups of any given nite index. Having small absolute
Galois group is an elementary invariant { indeed it is equivdent to all the multi-
plicities being nite (and the fact that there are \only" ni tely many isomorphism
classes of groups of xed orden). We leave for the reader the proof of the following

Fact: If m : G I'f 0;1;:::g (no 1) is a small multiplicity function, there ex-
ists at most one isomorphism class of pro nite groupG with m = mg.

So if Gg is small, it is itself an elementary invariant. Disappointingly, the converse
is also true: if mg (G) = 1, then for all cardinals , there exists an elementar-
ily equivalent eld which has at least * disjoint extensions with Galois group G.

(The proof is straightforward for those who are comfortablewith saturated models:

realizing G as a transitive subgroup of some symmetric groupS,, by realizing a
certain n-type over a cardinality subset, one sees that any * -saturated model
will do.)

The number of elementary equivalence classes of elds witlGg isomorphic to a
xed G will in general be large { we saw this before with the many inegivalent
els F1 (D), all with Galois group 2. (There are many more inequivalent elds
with this Galois group and characteristic zero, e.g. the norRPAC eld C((t)).) In

fact the class of elds which are determined up to elementaryequivalence by their
absolute Galois group has been determined by F.V. Kuhimannwho nds, apart

from the classical example of real-closed elds and certaip-adically closed elds
(among them the abelian extensionsK=Qy) there are only three possible further
families of such elds.
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If we restrict to nitely generated elds, however, then it i s a celebrated result
of Pop that Gk = Ggo =) F = F?{ this is the so-called zero-dimensional case
of \Grothendieck's anabelian dream." Thus the absolute Gabis group of a nitely
generate eld \has enough information" to determine the el d; we just need to
extract that information in an elementary way!

Notice that our multiplicity function is useless for any Hil bertian eld: if the in-
verse Galois problem has an a rmative solution, the multipl icity function on any
Hilbertian eld will be identically 1 -valued!

Brauer group invariants: Recall that the Brauer group of a eld classi es nite-

dimensional central simple F -algebras up to equivalence: every such algebrA is
isomorphic to M, (D), a matrix algebra over a division algebra, andA A if
D DY Recall also that the Brauer group of a nite eld vanishes, whereas the
Brauer group of a number eld is calculated by the Hasse pringple:

M
0! Br(K)! Br(Ky)! Q=Z! 0
v
where the middle sum extends over the places df , and the Brauer group of the
completion K, is Q=Z; Z=2Z or 0 according to whetherv is a nite place, a real
Archimedean place, or a complex Archimedean place.

Say that K is a eld of characteristic zero. There is a natural (basechage) map

" :Br(Q)! Br(K)

induced by A 7! A oK. Since nite-dimensional algebras overQ can be spoken of
in absolute terms, the kernel of' is an elementary invariant; we call it the absolute
Brauer kernel.

In fact this is an example of what we called above an absolute@metric invariant.
Associated to every element oD 2 Br (Q) we have a Severi-Brauer varietyVp =Q,
with the property that for any eld K of characteristic zero, D K]=0 2 Br (K)
i VWb (K) 6 ;. Thus the absolute Brauer kernel is obtained by checking whiner
each Severi-Brauer variety overQ has aK -rational point.

In fact we can do the same thing with Q replaced by any number eld k. As
an application, let K=k be a nitely generated eld of characteristic zero with
absolute sub eld k, so that K = k(V) can be viewed as the function eld of a
smooth projective absolutely irreducible k-variety V. The Brauer kernel then has
an interpretation via the exact sequence

0! Pic(V)! Pic(V=K(k)! Br(k)! Br(V);

where the map gives the obstruction to a rational divisor class being repesented
by a k-rational divisor. Since the mapBr (k) ! Br (K) factors through Br (V), the

existence of a nontrivial element of the absolute Brauer kemel is equivalent to the
existence of ak-rational divisor class onV not represented by ak-rational divisor.

We conclude that this (admittedly somewhat abstruse) geoméric property is an

elementary invariant of K .
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As an application of the absolute Brauer kernel, we can distiguish Severi-Brauer
varieties of the same dimension from each other: indeed, itsia fundamental result
of Amitsur that if K = k(Vp) is the function eld of the Severi-Brauer variety D,
the absolute Brauer kernel is the cyclic subgroup generatetly [D]. It follows that
if K K O%are the function elds of two Severi-Brauer varieties of the same dimen-
sionhD]i = HDYi. Amitsur conjectured that whenever two Brauer group elemerts
generate the same cyclic sub eld of the Brauer group, their éinction elds are iso-
morphic, and he proved this in case the division algebras in gjestion are cyclic.
Since one knows that all division algebras over global eldsre cyclic (Hasse-Brauer-
Noether theorem), this completes the proof.

1.6. Transitional invariants. In this section we axiomatize (in the informal sense!)
a kind of eld invariant which \changes properly” under nit ely generated eld ex-
tensions. A model of the sort of behavior we have in mind is theC; property for a
eld: namely if kisaC; eld and K=k is a eld extension of transcendence degree
r, then K is Ci. . This leads us to the following

De nition: A transitional eld invariant is an assignment

with the following properties (we interpret the relations and + onthe setf0;1;2;:::1g
in the most obvious way):

If L=K is an algebraic eld extension, theni(L) i(K).

If L=K is a eld extension of transcendence degrea, theni(L) i(K)+ n.

A transitional eld invariant is strict if wheneverK=F is a nitely generated eld
extension of transcendence degree such thati(F) < 1 , theni(K)= i(F)+ n.

If i is any transitional eld invariant, then we de ne its virtualization  vi to be
Vi(F) :=min x .r1<1 i(K). If i is strict, then so is vi.

ever K is a complete eld with residue eld F we havei(K) i(F)+1; itis
equicharacteristic local if we havei(F((t))) i(F)+1. Finally, itis strict if
we have equality wheni(F) < 1 .

The theme of this section is the search for a strict transiticnal invariant i which
is elementary and which is nite on a large class of elds (esgcially, on nitely
generated elds). The existence of this implies that the transcendence degree is an
elementary invariant among nitely generated elds. We wil | see several examples
of elementary invariants which are conjecturally strictly transitional and strictly
transitional invariants which are conjecturally elementary. In the end it is the
Milnor conjecture which provides us with an invariant which has all the desirable
properties.

Example 0: The trivial example of a strict transitional inva riant is the absolute
transcendence degree. But it is not elementary (nor is it loal, for that matter).

Example 1: The \Tsen-Lang invariant" TL : F 7! the leasti such that F is a
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Ci eld is elementary strict transitional. It is moreover equi characteristic local
(but not local!). So, as we've seen aboveT L allows us to conclude that transcen-
dence degree is an elementary invariant among function eld over e.g. algebraically
closed elds and nite elds. The problem is that being C; for any i is too strong

a property: vTL(Qp) = vTL(Q)= 1.

Example 2: The p-cohomological dimension. Letcd,(F) be the p-cohomological
dimension of Gg: this is the unique i such that for all discrete p-primary torsion
Gr-modulesM and all n > 0, H*"(Gg;M) = 0 and H'(Gg;M) 6 0 for some
M . For simplicity, we stay away from the case whenp equals the characteristic of
F. Under this hypothesis, one nds in [?] that cd, (and hence alsovcd,) is strict
transitional and strict local. Moreover, it has very appealing niteness properties:

ch(F)=0i F isp-closed

For all p, cdy(Fg) = 1.

For all p;~, cdy(Q1) = 2.

ch(R) = 1, but vedx(R) =0.

If F is a global eld, cdy,(F) =2 unless p =2 and F is formally real, in which
casecth(F) = 1 . But for every global eld, vcd,(F) = 2.

This brings us to the following
Question 3. Is cd, an elementary invariant?

Observe that if any invariant is elementary, so is its virtualization. So if the answer
to this question is yes, then we can detect transcendence dege over an enormous
variety of elds. Here are some results in this direction:

Having cdy(F) = 0 is elementary. (Because admitting a degreep eld extension
can be seen from the \Galois invariant" of the previous sectbn.)

Having cd,(F) = 1 is elementary. Indeed, one knows that havingcd,(F) = 1
is equivalent to the vanishing of the p-component of the Brauer group of all nite
extensions ofF ; see P]. We have seen that this latter property is elementary.

Exercise: Show that ifF contains p pth roots of unity, the property of Br (F)[p! ] =
0is nitely axiomatizable. (Hint: use Merkurjev's Theorem that Br (F)[p! ]is gen-
erated by cyclic algebras.) Is the propertycd,(F) 1 nitely axiomatizable?

One de nes cd(F) as the supremum overcd,(F) for all p. So if cd, is elemen-
tary for all primes p then so iscd, but not necessarily conversely. One knows that
the property of having cohomological dimension 2 is elemeastry: this is a conse-
guence of a deep theorem of Suslin, which says that cohomoliegl dimension at
most 2 is equivalent to the property that for all nite extens ionsI=k and all nite
central division algebrasD=l, the reduced normmap N : D ! | is surjective. We
leave it as an exercise to the reader who is familiar with thismaterial to show that
this latter statement is elementary.

6That is, there does not exist a nite eld extension K=F of degree divisible by p.
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I know of no similar (even conjectural) characterizations d having p-cohomological
dimension at most 3 that would give us a truly good reason for lelieving its general
elementary nature, although | will admit that in my heart | am convinced by the
assembled evidence together with the following remarkabléact.

Proposition 4. Because the Milnor Conjecture holdscd, is an elementary invari-
ant.

Proof: The particular form of the Milnor Conjecture we want i s (as found on p.
12 of Pop's notes) that, for any eld F of characteristic di erent from two, the
correspondence
en I"(F)=I""Y(F) ! H"(F;2=22)

induced at the level of P ster forms by

(;a1) v (L;an)! a [ 0] an
is an isomorphism. Here the left hand side is tensor (Kroneddr) product of n di-
agonalized binary quadratic forms, and the , in the right hand side denotes the
image of a; 2 F =F 2 under the Kummer isomorphismF =F 2! HYF; ;)=
H1(F;Zz=2Z). Since one knows that the p-cohomological dimension can be com-
puted using the Galois moduleZ=pZ [CG, p. ?7?], it follows that the 2-cohomological
dimension of any eld k (not of characteristic 2) is the largest integern such that
there exists an anisotropicn-fold P ster form. But, the statement \There exists an
n-fold anisotropic P ster form" (for a particular value of n) is evidently a sentence
in the language of elds, completing the proof.

1.7. More Brauer invariants. In this section, we work with an unspeci ed prime
p which we assumenot to be the characteristic of any of the elds under discussion

The Milnor conjecture implies that the transcendence degre is an elementary in-
variant among function elds over a eld k with (v)cdx(k) < 1 . Here we want to
present a conjecture about Brauer groups that implies the sme result for any odd
prime p.

Further Brauer invariants: De ne the period of a central division algebra D=K
to be the order of its class inBr (K) { more concretely, it is the least lg)ositive a
suchthat D 2 = Mp,(K). Also we de ne the index of D=K justto be [D :K].
One knows that for any division algebraD over any eld K, the period divides the
index and the two quantities have the same prime factors. Forany given prime
p and positive integer a, the following can easily be made into a sentence in the
language of elds:

( p;a) :=\There exists a K -central division algebra of periodp and index p?."

It is probable that these sentences should distinguish beteen function elds of
di ering transcendence degrees over a very general class base eldsk, as we will
now explain. We begin with the following result:

Proposition 5. Let k be a eld with the property that for some prime p, there
exists an absolute bound om on the indices of all elements of prime order in the
Brauer group of all nite extensions of k. Then k is not elementarily equivalent to
any nitely generated regular eld extension of positive transcendence degree.
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Seeking a contradiction, suppos&=k is a nitely generated eld extension of pos-
itive transcendence degree withK k. Because the hypotheses are stable upon
nite base extension of k, we may assume thatk contains the pth roots of unity
and that K admits a corresponding smooth projective varietyV =k with a k-rational
point, so that the map Br(k) ! Br(K) is injective. By hypothesis, there is ak-
central division algebraD of period p and index p' but none of period p and index
p'*1. We will produce a central division algebraD %K of period p and index p'*?,
exhibiting the inequivalence ofk and K. First consider the pushforward of D to
K { we get a \constant" Azumaya algebra, which by our above baseextension we
have ensured is still division. Observe that there exist platy of cyclic p extensions
L=K such that D remains a division algebra { indeed takeany p-extension ex-
cept a basechange ok. The property of their existing a period p index p' division
algebra and a cyclicp-extension which does not reduce its index ilementary {
since it's true in K, it must therefore also be true of some division algebra (whih
we continue to denoteD) over k. Now consider the following result from [?]:

Proposition 6. Let k%k be a cyclicp-extension with generator and A=k a central
simple algebra. Write Axo; Ay); Ak(ty for the base changes oh to kKO k(t) and
k((t)) respectively. Then the following are equivalent:

a) Ap := Agoe is a division algebra.

b) A1 := Ak k() (kYt)=k(t); ;t) is a divison algebra.

C) Az = At k(1) (KY(1))=k((1)); ;t) is a division algebra.

p and index p'* ". Looking at part c) of the proposition, we see thatD, remains a
division algebra even locally around the origin, so that itspullback to V remains a
division algebra even locally aroundP , hence is a division algebra.

The question of course, is when the hypotheses of Propositio are satis ed. Con-
sider the following conjecture.

Conjecture 7. (Period-index conjecture for Brauer groups) Let k be a eld of
characteristic di erent from p with cdy(k) = d.

a) If [D] 2 Br (k)[p], then the index of D divides p¢ 1.

b) Assume that there exists a positive integea such that for all nite eld exten-
sions I=k, all elements[D] 2 Br (I)[p] have index dividingp?. Then if K=k is a
eld extension of transcendence degree one, all element3 2 Br (K)[p] have index
dividing p3*!.

Proposition 5 and Conjecture 7 imply that for any p, elds of di ering transcen-
dence degrees over a eld of nite (virtual) p-cohomological dimension are elemen-
tarily inequivalent.

| am afraid that the evidence for Conjecture 7 is thus far rather meager. Part
a) holds rather trivially for elds of p-cohomological dimension at most one. It is
classically known to hold for local and global elds; it is known forp=2and p=3
for C,- elds [Artin];
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2. Definability of the constant field

In this chapter, the phrase \K=k is a function eld" means that K is a nitely
generatedregular eld extension {i.e., k is algebraically closed inK . In the course
of studying the eevip in the geometric case (Pop's Theorem Bpne encounters the
following problem (which moreover has independent interes.

Question 8. (De nability problem) For which elds k is it the case thatk is de-
nable in every function eld K=k?

Let us recall the results on this problem which were present# by Pop and his
students at the Winter School: the a rmative answer is obvio us in the casek = Fg,
since we can take the predicate

P(x) : x4 1=1:

Consider next the geometric casek is algebraically closed. The de nability of k in
a one variable function eld is shown in [?]. In his Inventiones paper, Pop shows
how the case of an arbitrary function eld reduces to the onevariable case by means
of a simple geometric lemma. As part of the student presentdabn at the Winter
School, it was shown that Question 4 also has an a rmative ansver whenk = R

or Qp.

On the other hand, the problem is completely open fork = Q (and equally well
for any nitely generated eld of characteristic zero) { ind eed,as far as | know we
have no reason to believe that the answer is yes.

The purpose of this Chapter is to give some perspective on thele nability
problem and the techniques used by Pop et. al. in the algebrailly closed case.
Let us recall the basic idea of the proof: letK = k(C) be the function eld of a
curve over an algebraically closed eld. ThenC has some genug, and by Riemann-
Hurwitz does not contain as a sub eld any (one-dimensionall function eld K°=
k(C9 of a curve of strictly greater genus. So letf C,=kg be a sequence of curves
such that g(C,) ! 1 ; choose a plane modeP, (x;y) for C,. Consider the subset
of K = k(C) de ned by the predicate

n(X) @ 9yPq(xy)=0:
Becausek is algebraically closed, ,(x) certainly holds for all x 2 k. On the other
hand, if it holds for a transcendental elementx, then the correspondingy induces
an embedding
k(x;y) = k(Cn) ! k(C)
i,e., a ntemap C! C,. Itfollows thatfor n 0, , deneskinK.

We can abstract this strategy as follows: Supposeé is a eld such that for all
n there exist

a curve C, of genus at leastn, and

a morphism' , : C, ! P! such that the map on k-rational points
Cn(k) ! k[flg issurjective . Then k is de nable in every one-variable function
eld K = k(C) by the corresponding predicate ,(x) for all n > g(C). We can
now ask:

Question 9. For which elds k will this strategy succeed? That is, over which elds
can we de ne curves of arbitrarily large genus with the bulleed properties?
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Note that the property certainly implies that there exist cu rves overk of arbitrarily
large genus with in nitely many k-rational points, so by Faltings' theorem, no num-
ber eld has this property. But this is much too much to invoke . Indeed, directly
from the de nition, no Hilbertian eld  can satisfy this property for any curve C,
of genus at least 1, so in particular this strategy will succed for no in nite, nitely
generated eld.

Indeed, the fact that the de nition of the Hilbert property p revents aweaker phe-
nomenon from occurring suggests a slightly di erent strategy (which fails by design
for Hilbertian elds). Namely, suppose that for each n, there exists a nite set of

curves f Cy; gi’\‘zl, each of genus at Ieagh, together with maps ' ; : Cpi ! P!
which are jointly surjective: k[flg = ;' ni (k). Then the predicate
n(X)= naX)_ii_ oan(¥)

will still dene k in k(C) forall n 0.

Remark: In more geometric language, we have allowed ourseds to work with
suitable reducible curves.

Here is a class of elds for which our re ned strategy will easly succeed.

De nition: Say a eld k is anti-Hilbertian  if for some integera > 1, the group of
ath power classesk =k 2 is nite.

Examples: A eld k with small absolute Galois groupGy is a fortiori anti-Hilbertian.
So in particular nite elds, algebraically closed elds, a nd locally compact elds
of characteristic zero are anti-Hilbertian. But also the locally compact elds of
positive characteristic { namely Fq((t)) { are anti-Hilbertian (take any a prime to

a).

Non-examples: To be sure, a Hilbertian eld is not anti-Hilbertian. There are
elds which are neither Hilbertian nor anti-Hilbertian, e. g. Q((t)) (since no com-
plete eld is Hilbertian; see [?, p. 181].)

We are now ready for the main result of this chapter.

Proposition 10.  An anti-Hilbertian eld is de nable (with parameters) in ev ery
function eld K=k.

Proof: Let 1;:::; N be a set of representatives for theath power classes ink.
For all positive integers n, let P,(x) be a monic polynomial of degree 8 + 2 with
distinct roots, which is de ned over the algebraic closure ¢ the absolute sub eld of
k,andforl i N, take

Chi : iya = Pp(x):
Then eachCp; de nes a curve whose smooth proper model has genus at least
so by the above discussion the predicate ,,(x) holds precisely forx 2 k.

Remark: Following standard model-theoretic terminology, \de nable" means \de-
nable with parameters”; in this case the parameters are the ath power classes
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following cases: wherk = k 2 (in particular when k is algebraically closed), and
(more generally) when the natural mapk_,.=k,% ! k =k 2 is surjective, where
kaps is the absolute sub eld. This latter condition holds in the following cases: a
locally compact eld of characteristic zero (or direct limit of such, e.g. Qp); an

arbitrary algebraic extension of a nite eld; \almost ever y" algebraic extension of
Q with nitely generated absolute Galois group. It does not hold in the case of

k= Fq((1)).

Example of a nonde nable eld of constants: let k = C(ftigl,). Then k is not
de nable (even) with parameters in k(t),. We use \Galois theory": if a subset S of
a structure M is A-de nable for some nite parameter set A, then every automor-
phism of the ambient structure M which xes A pointwise must stabilize S. From
this the nonde nability follows almost immediately.



